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PREFACE

By enrolling in this self-study course, you have demonstrated a desire to improve yourself and the Navy.
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(ECMs) and other senior personnel, technical references, instructions, etc., and either the occupational or
naval standards, which are listed in the Manual of Navy Enlisted Manpower Personnel Classifications
and Occupational Standards, NAVPERS 18068.

THE QUESTIONS: The questions that appear in this course are designed to help you understand the
material in the text.

VALUE: In completing this course, you will improve your military and professional knowledge. It can
also help you study for the Navy-wide advancement in rate examination. If you are studying and discover
a reference in the text to another publication for further information, look it up.
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Sailor’s Creed

“l am a United States Sailor.

| will support and defend the
Constitution of the United States of
America and | will obey the orders
of those appointed over me.

| represent the fighting spirit of the
Navy and those who have gone
before me to defend freedom and
democracy around the world.

| proudly serve my country’s Navy
combat team with honor, courage
and commitment.

| am committed to excellence and
the fair treatment of all.”
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INSTRUCTIONS FOR TAKING THE COURSE

ASSIGNMENTS

The text pages that you are to study are listed at
the beginning of each assignment. Study these
pages carefully before attempting to answer the
questions. Pay close attention to tables and
illustrations and read the learning objectives.
The learning objectives state what you should be
able to do after studying the material. Answering
the questions correctly helps you accomplish the
objectives.

SELECTING YOUR ANSWERS

Read each question carefully, then select the
BEST answer. You may refer freely to the text.
The answers must be the result of your own
work and decisions. You are prohibited from
referring to or copying the answers of others and
from giving answers to anyone else taking the
course.

SUBMITTING YOUR ASSIGNMENTS

To have your assignments graded, you must be
enrolled in the course with the Nonresident
Training Course Administration Branch at the
Naval Education and Training Professional
Development  and  Technology  Center
(NETPDTC). Following enrollment, there are
two ways of having your assignments graded:
(1) use the Internet to submit your assignments
as you complete them, or (2) send all the
assignments at one time by mail to NETPDTC.

Grading on the Internet:
Internet grading are:

Advantages to

* you may submit your answers as soon as
you complete an assignment, and

* you get your results faster; usually by the
next working day (approximately 24 hours).

In addition to receiving grade results for each
assignment, you will receive course completion
confirmation once you have completed all the

v

assignments. To submit your
answers via the Internet, go to:

assignment

http://courses.cnet.navy.mil

Grading by Mail: When you submit answer
sheets by mail, send all of your assignments at
one time. Do NOT submit individual answer
sheets for grading. Mail all of your assignments
in an envelope, which you either provide
yourself or obtain from your nearest Educational
Services Officer (ESO). Submit answer sheets
to:

COMMANDING OFFICER
NETPDTC N331

6490 SAUFLEY FIELD ROAD
PENSACOLA FL 32559-5000

Answer Sheets: All courses include one
“scannable” answer sheet for each assignment.
These answer sheets are preprinted with your
SSN, name, assignment number, and course
number. Explanations for completing the answer
sheets are on the answer sheet.

Do not use answer sheet reproductions: Use
only the original answer sheets that we
provide—reproductions will not work with our
scanning equipment and cannot be processed.

Follow the instructions for marking your
answers on the answer sheet. Be sure that blocks
1, 2, and 3 are filled in correctly. This
information is necessary for your course to be
properly processed and for you to receive credit
for your work.

COMPLETION TIME
Courses must be completed within 12 months

from the date of enrollment. This includes time
required to resubmit failed assignments.



PASS/FAIL ASSIGNMENT PROCEDURES

If your overall course score is 3.2 or higher, you
will pass the course and will not be required to
resubmit assignments. Once your assignments
have been graded you will receive course
completion confirmation.

If you receive less than a 3.2 on any assignment
and your overall course score is below 3.2, you
will be given the opportunity to resubmit failed
assignments. You may vresubmit failed
assignments only once. Internet students will
receive notification when they have failed an
assignment--they may then resubmit failed
assignments on the web site. Internet students
may view and print results for failed
assignments from the web site. Students who
submit by mail will receive a failing result letter
and a new answer sheet for resubmission of each
failed assignment.

COMPLETION CONFIRMATION

After successfully completing this course, you
will receive a letter of completion.

ERRATA

Errata are used to correct minor errors or delete
obsolete information in a course. Errata may
also be used to provide instructions to the
student. If a course has an errata, it will be
included as the first page(s) after the front cover.
Errata for all courses can be accessed and
viewed/downloaded at:

http://www.advancement.cnet.navy.mil

STUDENT FEEDBACK QUESTIONS

We value your suggestions, questions, and
criticisms on our courses. If you would like to
communicate with us regarding this course, we
encourage you, if possible, to use e-mail. If you
write or fax, please use a copy of the Student
Comment form that follows this page.

For subject matter questions:

E-mail:  n3222.products@cnet.navy.mil
Phone: Comm: (850) 452-1001, Ext. 1520
or 1518
DSN: 922-1001, Ext. 1520 or 1518
FAX: (850) 452-1694
(Do not fax answer sheets.)
Address: COMMANDING OFFICER
NETPDTC N3222
6490 SAUFLEY FIELD ROAD
PENSACOLA FL 32509-5237

For enrollment, shipping, grading, or
completion letter questions

E-mail:  fleetservices@cnet.navy.mil
Phone:  Toll Free: 877-264-8583
Comm: (850) 452-1511/1181/1859
DSN: 922-1511/1181/1859
FAX: (850)452-1370
(Do not fax answer sheets.)
Address: COMMANDING OFFICER
NETPDTC N331
6490 SAUFLEY FIELD ROAD
PENSACOLA FL 32559-5000

NAVAL RESERVE RETIREMENT CREDIT

If you are a member of the Naval Reserve, you
may earn retirement points for successfully
completing this course, if authorized under
current directives governing retirement of Naval
Reserve personnel. For Naval Reserve
retirement, this course is evaluated at 14 points.
These points will be credited in units as shown
below:

Unit 1 — 8 points upon satisfactory
completion of Assignments 1 through 3

Unit 2 — 6 points upon satisfactory
completion of Assignments 4 and 5

(Refer to Administrative Procedures for Naval
Reservists on Inactive Duty, BUPERSINST
1001.39, for more information about retirement
points.)
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CHAPTER 1
SEQUENCE AND SERIES

A collection or set of numbers, arranged in
order, according to some pattern or law, so that
one number can be identified as the first and
another as the second, and so forth, is referred
to as a sequence. The word sequence is some-
times replaced by the word progression, but we
will use sequence. The set of natural numbers
forms a sequence; that is, 1, 2,3, ... is a se-
quence. Each number in the sequence is called
a term, and we will represent the first term of
a sequence by the letter (a) and the last term
by the letter (£).

ARITHMETIC SEQUENCES

An arithmetic sequence is a sequence in
which each term may be determined from the
preceding term by the addition of a constant,
This constant, called the common difference, is
designated by the letter (d) and will maintain
the same value throughout the sequence.

An arithmetic sequence, then, may be indi-
catedby a,a +d,a+2d,a+3d, ..., a +(n-1)q,
where there are n terms in the sequence. In
the sequence

-1, 3,17, ...
the common difference (d) is 4. The first term
(a) is -1; therefore, the second term is

a+d=-1+4=3
The third term is
a+2d=-1+2(4) =7

and the fourth term is
a+3d=-1+304) =11

EXAMPLE: Find the next three terms in the
sequence 5, 9, 13, ...

SOLUTION: The first term (a) is 5 and the
difference (d) is 4; therefore, write

a=5
d=4
then, the fourth term is

a+(n-1)d=5+(4-1)4

17
the fifth term is
a+(nh-1)d=5+(5-1)4
=21
and the sixth term is
5+ (6-1)4=25

We are often interested in finding a specific

1
term of a sequence. We usually refer to this
term as the nfh term. In cases where the nth
term is the last term of a sequence, we write

i
i

2=a+(n-1)d
in this formula there are four unknowns. If we
know any three of them, we may find the fourth.

EXAMPLE: Find the 20 term of the se-
quence

1,3,517 ....

SOLUTION: We know that

a=1
d=2
n =20
Therefore,
f=a+(n-1d
=1+ (20 - 1)2
=39
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Notice that we let the nth (20'h) term be the last  and consider a sequence where
term.

EXAMPLE: Find the number of terms ina a=8
sequence if the last term is 37, the difference
is 5, and the first term is -13. 0 =20
SOLUTION: We know that
and
a=-13
n=4
d=5
Therefore,
g =37
20=8+ (4 - 1)d
We solve
then
f=a+(n-1)d
_20-8
for d = 3
n =4
by writing Now consider a sequence where
£ =a+{n-1d £ =20
E-a:(n-l)d d=4
£ -a _ n-1 and
d
n=26
f-a + 1
d =n then write
By substitution 20=a+ (6 - 1)4
n=L122,1 20-20=a
d
- (- a=0
= _3l_5.(_1:ﬁ + 1
PROBLEMS: Write the next two terms in
- 5_59 + 1 the following sequences.
- 10 + 1 1. 18, 21, 24, ...
=11 2. -19, -16, 13, ...
There are cases where we desire the first 3.x,x+2,x+4, ...
term of a sequence when only two terms are
known. 4. N2+3, N2+ 7, V2+11, ...
EXAMPLE: What is the first term of the
sequence if the third term is 8 and the sixth Find the term asked for in the following se-
term is 207 quences.
SOLUTION: We write
8 20 5. Seventh term of - % » 0, % )
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6. Twenty-fifth term of -19, -10, -1, ...
7. Fifth term of -6x2, -2x2, 2x2, ...

8. Which term of -2, 3, 8, ... is 887
ANSWERS:

1. 27,30

2. -10, -7

3.x+6,x+8

4. v24+15, N2+ 19
5

5. %

6. 197

7. 10x2

8. 19th

ARITHMETIC MEANS

In the sequence 1, 3, 5, 7, the terms 3 and 5
occur between the first term land the last term
7 and are designated the means. Generally, the
terms whichoccur between two given terms are
called the means.

If we are given the first term (a) and the
last term () in a sequence of n terms, then
there are (n - 2) means between a and {. There
can be any number of means between two given
terms of a sequence, depending on the differ-
ence between adjacent terms.

To determine the means of a sequence we
use the formula

£=a+(n-1d
EXAMPLE: Insert two arithmetic means
between 6 and 12.
SOLUTION: We know
a=6

=12

and that there are two means in this sequence;
therefore,

n=4

because the means plus two (the first and last
terms) is the number of terms in the sequence.
We now determine the difference by writing

=
i}

a+(n-1d

£-a={(-1)d

n-1_ d
and by substitution

_12-86
4=3

6

d=—

3

d=2

We now add this difference to the first term to
obtain the second term and the difference to the
second term to obtainthe third term as follows:

6 + 2 =8 = second term
8 + 2 = 10 = third term

and find the means are 8 and 10.

We could also have used the general form of
a sequence (a, a+d, a+2d, a+3d, ...) and
added the difference to the first term to obtain
the second term and added twotimes the differ-
ence to the first term to obtain the third term.

If we use the same first and last terms, that
is,

)
I
(=)

and
¢ =12

but now ask for six means, we still use the
same formula

£=a+(n~1)d

and in this case the number of terms is the six
means plus the first and last term or

n=28

Therefore,
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{-a
d"n-l
_12-6
T 8-1
-8
7
and the means are
6
d=6+ —
a+ +,7
12
a+2d-6+—7-
a+3d=6+§
7
a+4d=6+gi
T
a+5d=6+ 0
7
36
a+6d=6+ —
+ + 7

The previous examples demonstrate that
there can be any number of means between two
given terms of a sequence, depending on the
number of terms and the difference.

PROBLEMS: Insert the indicated number of
means in the following:

1. Three, between 3 and 19
2. Two, between -10 and -4
3. Five, between -2 and 2

4. Two, between the first and fourth terms
if the fourth term is six and the seventh term
is eleven.

5. A secretary can type 3 words per minute
faster for each half-hour she types. If she
starts at 8:30 a.m. at the rate of 35 words per
minute, how fast is she typing at 10:00 a.m.?

ANSWERS:

1. 17,11, 15

2. -8, -

5. 44 words per minute
ARITHMETIC SERIES

When we add all the terms of a sequence, we
call this indicated sum a series. We will use
the symbol S, to designate the indicated sum of
n terms of a sequence. To derive a formula
for S, we may write the terms of a series as
S, =a+{a+d)+@+2d) +--. + [a+(n-1)d]

Notice that when we had the second term we
added the difference to obtain the third term. If
we had the third term and desired the second
term we would have to subtract the difference.
Therefore, if we write the series with the last
term first, we subtract the difference for each
succeeding term. Then, using { to represent
the last term, write
Spn =+ -d)+(f-2d) + + [ - ({n-1)d]
Now add the two equations, term by term, and
find

Sp=a+f@a+dy+(@a+2d +.-- + [a+(n-1)d]
Sp=L+(-d+(-2d) +--- +[2-({-~1)d]
and
=@a++@a+H+ @+ +.-. +@a+)
where there are n times (a + £). Therefore,
28, = n(a + £)
Sn=3 @+

Another way of obtaining the formula for Sp
is to write the terms of a series as follows:

Sp=a+(@a+d+(@a+2d+-.-
+(2-2d)+ (2 -d)+1¢

then reverse the order of the series and com-
bine both equations as follows:
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S, =a+(@a+d +(a+2d+.
+(0-2d)+ (¢ -d)+¢
Sp =L+ -d)+(L-2d)+...

+{(a+2d)+(@@a+d +a
and find that
28, =@+ +@+ )+
+fa++@+)+@@+10

(a + £) occurs n times which yields

28, = n(a + £)

n
Sn 2 (a+9)
EXAMPLE: Find the sum of the first 5

terms of the series 2, 6, 10, ... .
SOLUTION: We know that

a=2
d=4
and
n=95
and write
Sh =%(a+£)

Here, we must determine ¢ by

f=a+(n-1)d
=2+((5-1)4
=2+16
= 18
Then,
Sn=%(a+£)
=g(2+18)

5
= (2
Sp = 3 (20)

= 50
This may be verified by writing
2, 6, 10, 14, 18
and adding the terms to find
Sp =50

EXAMPLE: There are eleven pieces of pipe
in the bottom row of a stack of pipe which form
a triangle. How many pieces of pipe are in the
stack?

SOLUTION: We know pipe is stacked as
shown.

We have in our stack eleven pieces of pipe
on the bottom row and each row up contains one
less piece of pipe. There is one plece of pipe

on the top.

Therefore, we write
a=1
n=11
d=1
£ =11

Then
n
Sn = —2- (a + E)

11

== (1+11
g (1+11)
11

= = (12
5 (12)

= 66 pieces of pipe in the stack
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EXAMPLE: Find the sum of 23 terms of the a=2
series -3, 2, 7, ... .

SOLUTION: We know that £ =18
a=-3 S, = 200
d=95 SOLUTION: We must find d. We write

and f=a+ (n-1)d
n =23
but notice that there are two unknowns; that is,
Write n and d. We then write
sn=§(a+ﬁ) Sn=-'21(a+ﬁ)
We do not know (, but we do know that and by substitution
t=a+-1d 200 = 1 (2 + 18)
2
and by substitutirg for £ in the equation for the
sum, we have 400 = n (20)
n . 20 = n
S, =75 @+ 9
We again write
n
_E[a+a+(n-1)d] (=a+(n-1d
_h [2a + (n - 1)d] and substitute, then write
18 = 2 + (20 - 1)d
Then, using the values we know
18 -2 _ d
S, = 323 [2(-3) + (23 - 1)5] 19
16
d=—
- 28 L6+ (22)5] 19
2 We know that
= 2 (-6 + 110] a=2
2 and
23 16
= — |104 = —
2 [104] d 19
= 23 [52] Therefore, the first 4 terms are
= 1,196 a
In some cases we may have to work from a+d
the sum of a sequence in order to determine
the sequence. a+ 2d
EXAMPLE: Find the first 4 terms of the
sequence if a+3d
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which give

16
19

2 +

2+2

19

48
4 —
19

2

and the first 4 terms are

2,218 18 10
19°° 19" 19

PROBLEMS: Find the sum of the sequence
having

l.a=3,¢=7,n=15
2. a=-8,£=18, n=6
3.a=T7,n=5d=2

4. d=6,£=32,n=5
5.a=-19,d=3, £ =-T7
In problems 6 and 7, find the first 4 terms if
6. a=6, £=14, 5, =50
7.n=17,4=20,8,="T0
ANSWERS:

1. 75

2. 36

3. 55

4. 100

GEOMETRIC SEQUENCES

A geometric sequence (or progression) is a
sequence (or progression) in which each term
is a multiple of any other, with a corstant ratio
between adjacent terms. This constant, called
the common ratio, is designated by the letter r
and will maintain the same value throughout the

sequence.
A geometric sequence, then, may be indi-
cated by a, ar, ar2, ... ar(""1) where there are

n terms in the sequence. The common ratio
(r) in a geometric sequence may be determined
by dividing any term by its preceding term.
The quotient is the common ratio.

In the sequence

2,6, 18, ...

the common ratio r is 3. The first term is a
and is equal to 2. This may be shown by

a=2
ar=2-3
ar? =232

If there are n terms in the sequence, then the
last term is

ar(n-l)

Notice that if we considered this sequence to
have only three terms then the last term would
be

£ = ar(®1)
=232
=18

EXAMPLE: Find the next three terms in
the sequence

3, 12, 48, ...

SOLUTION: The first term a is 3 and the
ratio is
12

r=3

=4
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Therefore, the fourth, fifth, and sixth terms are We desire a, but we do not know r. To find r
we divide any term by the preceding term; that

ar{4-1), ar(5-1), and ar(6-1) is,
Then 96 _
’ 4-1 3 24 :
(4~ =
a(r)(®-1 = 3(4) or
=3 - 64 24
i 4
= 192
and find r to be 4.
and Substitution yields
a(r)®-1 = 3(4)% 96 = a(4)(4+-1)
= 3 - 256 where n is 4 because 96 is the fourth term.
Then,
= 768
96 = a(4)®
and
= a(64)
a(r)é-1 = 3(4)%
and
= 3 - 1024
a2 98
= 3072 64
EXAMPLE: Find the last term of the se- _3
quence where )
a=3 The sequence is
n=5 %,6,24,96.
and
r=2 PROBLEMS: Write the first three terms of
each sequence if
SOLUTION: Write
l.a=2,r=5
£ = a(r)»-1)
1
2.a=-3, r=~
= 3(2)°7! T2
= 3(2)% 3.a=1,r=.01
= 48 Find the last term of each sequence
EXAMPLE: Find the first term of a se- 4. a=7,n=5r=2

quence if the second term is 6, the third term
is 24, and the fourth term is 96.

SOLUTION: We consider the last term as
96 and write

1 1
5.a=§,n=4,r=§

1
¢ = a(r)(n-1) 6. 30, 10, 3 37 and n=6
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ANSWERS:
1. 2, 10, 50

2 5-2,.3

4. 112
1

5. 53

10

6. 1

GEOMETRIC MEANS

In the sequence 5, 15, 45, 135, the terms 15
and 45 occur between the first term 5 and the
last term 135 and are designated the means.
Generally, the terms which occur between two
given terms are called the means.

If we are given the first term (a) and the
last term (£) in a sequence of n terms, then
there are (n - 2) means between a and £, There
can be any number of means between two given
terms of a sequence, depending on the common
ratio between adjacent terms.

In order that the means between terms ina
sequence may be inserted, the common ratio
must be known,

To find the meang between two terms of a
sequence we use the formula

¢ = a(r)r-1

EXAMPLE: Insert two means between 3 and
24.

SOLUTION: We consider 3 the first term
and 24 the last term and write

3 24

There are four terms in the sequence and we
write

g =a(rp?
By substitution

24 = 3(r)3

24 _ 3

r3 =8
r =2

Now find the means underlined

a, ar, .a_r_zy ar3
to be
ar=3-'2
=6
and
ar? = 3(2)2
=3-4
=12

EXAMPLE: Insert a mean between —;— and

9
32

SOLUTION: We consider there are three
terms and write

a=41
2
9
I'=3
n=3
therefore,
2 = a(r)r1
9 1
= = 2 2
33 =3 ®
2.9 ,1
ety
2 _ 9
™ =16
9
—-i ——
d 16
3 .. _3
I'—4OI' 4
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We find the mean we desire is the second
term and write

ar=+.3
2 4
-3
8
and the sequence is
13 9
2’8 32
or
ar:lQi)
2 4
-.3
8
and the sequence is
1 .3 9
2’ "8’ 32

In cases where only one mean is required,
the following may be used. We know the com-
mon ratio may be found by dividing any term by
the preceding term; that is, if the sequence is

a, m, £, then the common ratio is either

m _ .
a
or
{
__.=r
m
therefore,
m _ {
a m
and
m2 = af
m = ~af or -~Vafl

In the previous example where we wanted to

find the one mean between -%- and -3%- we could

have written

m=+~Nal

::tl/l.i
2 32
T

/

*V ba

=32
8 8

PROBLEMS: Insert the indicated number of
means in the sequences.

1. Two, between 3 and 24
2. Two, between 1 and 1
’ ’ 2 54

3. One, between 4 and 9

4. Three, between x? and x1°

5. Four, between -5 and - 9

243
ANSWERS:
1. 6, 12
1 1
2. 518
3. 6 or -6

4. x4, xG, x8 or -x4, x6, x5

5. -2, -2, -2 -

9 27’ " 81

GEOMETRIC SERIES

When we add all the terms of a sequence, we
call this indicated sum a series. We use the
symbol Sn to designate the indicated sum of n
terms of a sequence. To derive a formula for
S, we may write the terms of a series as

2

S, = a+ar +ar + - +arn-l

then multiply each term of the series by (-r) to
obtain

-rS, = -ar -ar? -ar3 - ... -ar®! . arn

and combine the two equations as follows:
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S =a+ar+ar®+...+ar"2 4ar01
-rS§, = ~ar -ar? - ... -ar?2 _qpf-1 _ gpn
S, -rS, =a -ar?
Sp(l-r) =a-amm

a-arh

S = l1-r

- rh
EXAMPLE: Find the sum of six terms in

the series whose first term is 3 and whose
common ratio is 2.
SOLUTION: We know

and

therefore,

_a@l-rn
l1-r

3(1 - 26)
1-2

3(1 - 64)
-1

3(-63)
-1

~189

-1

189

n

In cases where we know the last term, the
first term, and the common ratio and desire
5, we could use

a -ar?

S =
n 1-r

but we would first have to determine n.

11

EXAMPLE: Find the sum of a series if
a=3,r=4, and £ = 192,

SOLUTION: To find n we write

0 = a_rn—l
and by substitution
192 = (3)(4)™!
192
224 _ 4n-1
3
64 = 4n1
then
64 = 43
and
43 41’1—1
Therefore,
3=n-1
n=4
Now
a -ar®
Sn = 1-r
_3 -3¢
1-4
_3-768
-3
- -765
-3
= 255

In order to decrease the number of opera-
tions in the previous example we may write

a -ar®
Sn = l-r
and
ar" = r(arn-1)
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Therefore,
a - r(ar™ 1)
Sp = —M— =
l-r
but
artl = ¢
then
a-rf
Sn = 1-r

The solution to the previous problem would

be
3 -4(192)
Sa = 1-4
_3-168
-3
_ =165
-3
= 255

PROBLEMS: Find S, in the following series

1. a=3,r=5 and n=4

2 a=%,r=§-,andn=3
1
3 a=-?,r=6,andn=4
4, a=4,r=3, and ¢ = 324
2 1 1
= — = = — ﬁ:-——
5. a 3,r 2,a.nd 3
5
6. a=§,r=3, and £ = 32,805
ANSWERS:
1. 468
13
2. 18
1
3. -86—
3

12

4. 484
5
5. 33
2
6. 49,206 3

INFINITE SERIES

As previously discussed, a series is the in-
dicated sum of the terms of a sequence. If the
number of terms of a series is unlimited, the
series is said to be infinite; that is,

1+2+4+-.

is an infinite series and

1+2+4+---+n
is a finite series because there is a finite num-
ber of terms.

When we desire the sum of a geometric
series such as

1.1,1,..
2 4 8
and we know the number of terms, we use the

formula

g -a-ar’
n l1-r

This formula may be written as

a -arh
S, =—/———
l-r

a ar®

1-r 1-r

If we increase the number of terms desired,
notice that the second term

arh

l-r

becomes largerif |r| >> 1 and becomes smaller
if |rj <1,

When the number of terms of a series con-
tinues indefinitely, the series is an infinite
series. Therefore, in

ar®
l-r
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as n—o the term goes to « if Ir| > 1 and the
term goes to zero if Ir| < 1. When the term

ar®

l-r

goes to «, the sum of the series is not defined.
However, if this term goes to zero, we may
write the sum of the series as

a ar?
lim S_ = -
nicc n 1-r 1-r
a
= -0
1-r
__4a
l-r

which is the sum of an infinite series when

Iri<1. We designate the limit of the sum of
an infinite series as
a
§ = 1-r

EXAMPLE: Find the sum of the infinite
series
1
127

(I

1
tet

SOLUTION: Determine that
1
r=Sb_.1
1 2
3

Then

O |

[S¥Y
]
B |

ll
N ' €O [t

[N

13

which is the limiting value of the infinite series.

EXAMPLE: Find the sum of the infinite
series
7 T
7T+ =+ L 4.
+ 5 + 75 +

SOLUTION: Determine that

then

n

PROBLEMS: Find S in the following:

1. 1+£+i+.--

3 9
2
2. 6+2+—+--.
T4ty
3. .1+.01+.001+...
4. ﬁ+1+%+...

ANSWERS:
1. 3

2. 9
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1
3. —
9

4. 22+ 2

THE n'® TERM

In cases where we are given the nt® term of
a series, it is relatively easy to find other
terms from the symbolic definition of the nth
term.

EXAMPLE:
given by

If the nth term of a series is

n
2n+ 1

find the first three terms.

SOLUTION: To determine the first term
replace n by 1 and for the second term replace
n by 2, etc.; that is, the first term is

n - 1
2n + 1 2(1) +1
=1
3

and the second term is

2

2(2) + 1

=2
5

and the third term is

3
2(3) + 1

=3
7

To perform the converse of this type problem,
that is, to find the n'h term of a given series,
is quite different because there are no set rules
which may be applied. Also,there may be many
formulas whichexpressthe nth term of a series.

EXAMPLE: Find the n'! term of the series

1 1

i+_+_+...
2 4 6

14

SOLUTION: The numerator of the terms
remains the same and is 1. The denominator
follows a regular pattern of increasing by 2 for
each term.

If we write

term 123 4
numerator 1111
denominator 2 4 6 8

we see that each term's denominator may be
written as

2-n
Therefore, the n'! term for the series is
1L
2n
and the series may be designated as

r.,1r.1, ..
2 4 6

PROBLEMS: Find the first 3 terms of the
series whose nt!' term is given by

1. n?

1
2.

n? +3

n2
3'n+1
ANSWERS:

1. 1+4+9+
1 1 1
2, -+ =4+ — + -
FE A TR
3.-1-+i+—9—+
2 3 4

PROBLEMS: Find the nth term of the series

1 l+—%~+i+
"6 7 8
1 1
2.1+§+2—7~+-
3 5
3 1+-‘I+—9‘+
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ANSWERS: EXAMPLE: Is the infinite series
n 1 1 1
e ?
1. T+ 5 2 + 3 + 3 + convergent ?
2 1 SOLUTION: Write
C 3
a
S =
2n -1 l-r
3. —5—
n because this is an infinite geometric series
where
CONVERGENCE
1
If we find the sum of the first n terms of an a=73
infinite series approaches a finite value as
n—o, then we say the series is convergent. If 1
a series is not convergent, then we say it is r= )
divergent.
EXAMPLE: Is the infinite series then
1
1+l+—1—+-~-convergent? S = 2
3 9 - 1
o
SOLUTION: Write
1
~ a 2
1i S =8= = —
n—e l-r 1
2
and
=1
r ol
T3 The sum has a limit, therefore the series is
convergent on 1.
a=1 EXAMPLE: Is the infinite series
then 3+6+ 12+ ... convergent?
g 1 SOLUTION: Find that
1- 3l a=3
and
1
=? r = -g = 2
3
3 Now,
) x| >1
The limit of the sum of n terms as n—ow ap- therefore
3 co
proaches—2—> therefore the series is conver- lim S a -ar?
m = —_—
gent. n—w ° l-r

15
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and the sum of the series goes to oo and the

series is divergent.
EXAMPLE: Is the series
1+3+5+.-. convergent?

SOLUTION: Find that the series is arithme-
tic and

and the n'h term is
(2n - 1)
Consider the nth term as the last term and

write

n
-2-(a+£)

n
=E-[1+ (2n - 1))
= n2

Then
lim S, = ., Thereforethe
n—ow

series is divergent.

PROBLEMS: Determine whether the follow-
ing series are convergent or divergent.

1. 3+8+9 4+ ... +3n+ .-

2. 1+3+9+...+3n-1+...

3. 1 +=+=4 -4 4+ + .-
3!\-1

ANSWERS:

1. Divergent
2. Divergent
3. Convergent

If a series is convergent, its nth term must
have zero as its limit. But, if the nt! term of a
series has a limit of zero as n—w, this does
not mean the series is convergent. If the nth
term of a series does not have zero as a limit,
then the series is divergent. That is, if the

16

limit of the nth term is zero, as n —«, the se-
ries may or may not be convergent.
EXAMPLE: Determine if the series

1
-— +

13 e g

is convergent

1,1, RS T
376 3-2n-l

SOLUTION: Examine the last term and find
that

lim 1
n—w 3 . 2n-1

This is a necessary condition, but we must
investigate the series further. We find that the
series is geometric with

irt <1

Therefore, we conclude the series converges.
EXAMPLE: Determine if the series

1+l+

2 is convergent.

LY SRS S
3 4 n
NOTE: This is a harmonic series. A har-
monic series is a series whose reciprocals
form an arithmetic series.
SOLUTION: Investigation of the n‘h term
indicates that

We now expand the series by writing

1 1 1 1 1 1 1 1 1
lb ettt bbb mt o Forr + o s
+2+3+4+5+6+7+8+9+ +n+
If we group terms as follows:
1
+ 1
2
+ 1.1
3 4
L1111
5 6 7 8
+}_+_1_+_1L+_1.+.l+_1.+i+_}_
9 10 11 12 13 14 15 16
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we find

-y
V
B [

n

DO =

w|.-n
+

R 1
]

HI*’

w
[7- N X
w

1,1,
56

i.

)=
[«
>
(=]

1y
7

1

10

Jr—

1 1
3+ +--~+-1—6->2

and if we continue to group terms after the
second term in groups of 2, 4, 8, 16, 32, ... we

E .
There is an unlimited number of groups, there-
fore, the limit of the sum

find the sum of each group is greater than

lim S, = @
n—o«

and the series is divergent.

The two previous examples indicate how
convergence or divergence of a series is de-
termined. We will use four types of series as
reference; that is,

a+ar+ar+ ... +ar®l) ... (1)
is convergent, iri <1
DI TR I SO
2 4 8 gn
or
1 1 1 1
—2—+-2-§+—2—3+.--+§+ 2)
is convergent
1 1
1ttt coe =t e
tytgt +—+ (3)
is divergent, and
1 1 1
1+§5+§5+ +§)—+ (4)

is convergent, p > 1; and is divergent, p < 1

17

TEST FOR CONVERGENCE
BY COMPARISON

If we know that the series

al +32+a3+"'

+a, + -

is convergent and we wish to know if the series
B; +Bg+Bg+-+:-+B+ -

is convergent, we compare the two series term
byterm. If we find thatevery term a; isgreater
than or equal to every term B, , that is,

aizBi

then the series under investigation is conver-
gent.

This is because the limit of the sum of terms
of the reference series is greater than the limit
of the sum of the series under investigation.

EXAMPLE: Test for convergence the series

+_1_+-_1—+-.. 1
25 12

|
(5]
(5]

=

SOLUTION: We use the reference series (2)
and write

1

1 1
-E+22+—2—3+ +-2—n+ (2)
and
1.1, 1 . L,
5 25 125 g

In term by term comparison we find

1.1
2>5

1
-2-§>

Do
cnl""

1
23
1
2n

Since the reference series is convergent,
the series under investigation is convergent.
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If we desire to test a series for divergence
by comparison, we use areference series which
is divergent. Then, if each term of the series
under investigation is greater than or equal to
the reference series, it too is divergent.

EXAMPLE: Test for divergence the series

1+3+5+.--+@n-1)+...

SOLUTION: Use the reference series (3);
that is,

1 1
1+ =—4+=+ o0 +=+.
2 3

n

and compare, term by term, which yields

1 =1

1

3'_5'

1

5 ==

3

and

2n-12—1-

n

then the reference series is divergent, and the
series under investigation, term by term, is
equal to or greater than the reference and is
therefore divergent.

RATIOD

A4 2 AN

TEST F
A001 X

L

p
o

The ratio test is limited to series where all
terms are positive. In this test we must write
the nth term and the (n + 1)th term and find the
limit of the ratio of these two terms. That is,

lim _—-—t(nﬂ) =
n—o n

where t(n,1) is the (n+ 1)'P term.

If Ir! < 1 the series is convergent and if
{ri > 1 the series is divergent. If jr{ = 1, the
test fails because the series could be either
convergent or divergent.

BWYVAMDT B« Magt fAr ananvancannsna tha aariaa

LDOAWNYIE L. 4TDL IUL LULIVTL ETIILT UIT OTL ITo

102+ 103 ...
1-2 123

10n
e — ke

1
0+ 1-2-3 n

18

SOLUTION: Write the term t; as

1Q"
1.2.3...n
and the term t(n+1) as
10n+1
1:-2-3:--(n+1)
The ratio is
10n+1
1-2:3 - (n+1)
10"
1 .2 .3 cer
Then,
10D 1:2-3---n
1:2:3+-(n+1) 0™
- 1-2-3--n ) 10(n+1)
1-2:3:---(n+1) 10"
_n! 10(n*1)
T+ 1! gon
n! 10(n*1)-n
T (n+ 1) ' 1
I VI
(n+ 1)! 1
-_n 10
ni(n+1) 1
_ 1o
n+1)
and
lim 1)
n—w t,
= lim 10
n—o N+1

n
=V

Therefore, the Iri <1 and the series is con-
vergent,
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EXAMPLE: Test for convergence the series Then,

2 22+23+ L2 3
R BT U umz(n“)

SOLUTION: The t, term is

2n 3
- o n
n3 - ;9;_1_1,12} <n + 1)

and the t, +1) term is

an+l 1 3
T = 2 lim
(n+1)3 n—o 141
therefore, n
n+l1
2 = 2 (1)°
(n+ 1)3
20 =2
ns
_ gn+l _rﬁ =r
(n+1)3 2n
and
_ on+1 ns3
2" (n+1)3 ri>1
2 n3 . .
=7 therefore, the series diverges.
I (m+1)
2n3 PROBLEMS: Test for convergence by the
= m comparison test:
3 1 1 + 1 + 1 + + 1 +
) n L3 > > cen 5 B
_2<n+1> 1+2 2942 32+2 n® + 2
and Test for convergence by the ratio test:
3 2. L1 .1 P S
2 < n > C1B)  2(3)2 T 338 n(3)"
n+l
3 __4_+_4_2.+£+...+£+
1 3 13 23 " 33 n3
=g |_n n
= n+1 "1 ANSWERS:
n
1. Convergent
3
=9 1 2. Convergent
1+ =
n 3. Diverges

19



CHAPTER 2
MATHEMATICAL INDUCTION AND THE BINOMIAL THEOREM

In this chapter we will investigate a method
of proof called mathematical induction and then
use mathematical induction to verify the bino-
mial theorem for all positive integral values of
n. We will also consider this theorem for frac-
tional and negative values of n.

MATHEMATICAL INDUCTION

Mathematical induction is a proof that fol-
lows the idea that if we have a stairway of infi-
nite steps and if we know we can take the first
step and also that we can take a single step
from any other step, we can, by taking steps
one at a time, climb the stairway.

This proof is separated into two parts.
First, we prove we can take the first step. Sec-
ond, we assume we can reach a particular step,
then we prove we can take one step from that
particular step; therefore, we can climb the
stairway.

To illustrate proof by mathematical induc-
tion we will prove that the sum of consecutive
even integers in a series is equal to n (n+ 1),
where n represents the number of terms. The
series is

2+4+6+ -
We want to prove that
2+4+6+..-+2n=n(n+1)
When n is 1 the formula yields
1(1+1)
=2
This is true since the first term is shown to

be 2. We check the formula when n is 2, al-
though this is not necessary, and find that

2(2+1)

=6

20

The sum of the first two terms is
2+4=26
which verifies the formula when n equals two.
We could verify the formula for as many
values of n as we desire but this would not
prove the formula for every value of n. We
must now show that if the formula holds for the

case where n equals K, then it holds for n
equals (K + 1). When n equals K in

2+4+6+..-+2n=n{n+1)
we have
2+4+6+.--+2Kk=K(K+1)

This we assume to be true.
Then, when n equals (K + 1) we write

2+4+6+...+2(K+1)

K+1D(K+1+1)

(K+ 1) (K +2)

To show that this is true we add the (K + 1)
term to both sides of our assumed equality

2+4+6+.--+2K=K(K+1)
which gives
2+4+6+-..+2K+2(K+1) =K(K+1) + 2(K+1)
In order to show that this is equal to
(K+ 1)K +2)
we write
KK+1)+2(K+1)=(K+1)(K+2)
K2+K+2K+2=(K+1)(K+2)
K2+3K+2=(K+1)(K+2)

K+1D)EK+2)=K+1)(K+2)



Chapter 2—-MATHEMATICAL INDUCTION AND THE BINOMIAL THEOREM

EXAMPLE: Use mathematical induction to
prove that for all positive integral values,

1+3+5+...4+(2n-1)=n2

SOLUTION: First step—Verify that this is
true for n = 1. Substitute 1 for n and find that

n2 =12
=1
which is the "sum" of the first term.

Second step—Assume the statement is true
for n = K, then show it is true for n= K + 1, the
next greater term than n = K,

When we assume the statement true for
n = K, we may write

1+43+45+...4(2K-1)=K2

We now say that if n=K + 1 we may substi-
tute K+ 1 for n in the original statement and
write

L4383 +5+--.+[2(K+1)-1]=(K+1)2

We must now verify that this is identical to
adding the next term to both members of

1+43+5+.--4(2K-1)=K?2

We do this and find
1+#3+5+...+(2K-1) + (2K+1) =K2 + 2K + 1
We now verify that

K2+ 2K + 1=(K+1)2
Factoring the left member we find
K2+ 2K+ 1=(K+1)(K+1)
= (K + 1)2
which completes the verification.

We know that the original statement is true
for n= 1. We proceed by letting n=K = 1. We
find this is true. If we let K = 2, we find that

1+3=22

=4

21

and when K = 2, we find that K + 1 = 3 then

1+43+5=(K+1)?

Therefore, we may reason it is true for any
positive integral value of n.

In general, to prove the validity of a given
formula by the use of mathematical induction,
we use two steps:

(1) Verify the given formula for n 1.

(2) Assume the formula holds for n K,
then prove it is valid for n=K + 1 or the next
larger value of n.

PROBLEMS: Prove by mathematical induc-
tion that the following series are valid for any
positive integral value of n. Show steps (1) and

(2).

nou

1. 3+6+9+,,,+3n=3n(n2+1)

2. 12422432, ... .2 2021 @n+ 1)

-+n

6
3. 1+4+7+...+(3n_2) =n_(3l_2-_1)
ANSWERS:

1. (1) n=1 then w = 3 (first term)

(2) n= K then SKE +1)
n=K4+ 1then 3(K*1)(;(+1+1)
2
and
3K I§+ 1) +3(K+1) = 3K(K + 1)2+ 6(K+1)

3(K+ 1)(K + 2)
2
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2. (1) n=

(2) n

=]
1]

0 11+ 1D@2+1) -

1
6

1 the

n KK + 1)(2K + 1)

K the 6

K + 1 then

(K+ 1K +1+1)2K+2+1)
6

- (K+ 1)K+ 2)(2K + 3)

and

W

—
—

S
=]
il

—~

[\

~
=
i}

=]
I

and

KBK-1

2

6

KK + 1)K + 1)

5 + (K + 1)2

KK + 1) (2K + 1) + 6(K + 1)2
6

2
®+ 1) [ZK +(’S7K+6}

(K + 1)(K + 2)(2K + 3)
6

13 - 1)

7 =1

1 then

K@K - 1)

K then 5

(K+1)(BK+3-1)

K + 1 then 5

(K+ 1)(3K + 2)
2

+ (3K+1)

K(3K -1) + 2(3K+1)

i

2

3K2% -K + 6K + 2

2

3KZ + 5K + 2
2

_ (K + 1)(3K + 2)
R
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BINOMIAL THEOREM

The binomial theorem enables us to write
any power of a binomial in the form of a se-
quence. This theorem is very useful in the
study of probability and statistics. It is also
useful in many other fields of mathematics.

EXPANSION

We use the binomial (x +y) to indicate a
general binomial, and to expand this binomial
we raise it to increasing powers. That is,
(x + y)® where n takeson thevalues 1,2,3, ... .
It is rather simple to raise the binomial to

x+y)0=1, n=0
(x+y)1=x+y, n=1
(x+y)2=x2+2xy+y2, n=2

When we increase the value of nto 3,4,5, ...
we find it easier to use repeated multiplication.
This results in
)3

(x + = x% + 3x%y + 3xy2 +y°
y

(x + y)4 =x*y 4x3y + 61'{2y2 + 4xy3 + y4
and

(x +y)° =x° + 5xty+10x3y2 + 10x2y3 + 5xy? + y°

If we consider the expansion (x +y)°, we
may determine the following:

(1) There are n + 1 terms in the expansion.

(2) x is the only variable in the first term
and y is the only variable in the last term.

(3) In both the first and last term the ex-
ponent is n.

(4) As we move from left to right the ex-
ponent of x decreases by one and the sum of the
exponents of each term is equal to n.

(5) The numerical coefficient of each term
is determined from the term which precedes it
by using the rule: The product of the exponent
of x and the numerical coefficient, divided by
the number which designates the position of the
term, gives the value of the coefficient.

(6) There is symmetry about the middle
term or terms of the numerical coefficients.

EXAMPLE: Write the expansion of (x + y)5.

SOLUTION: (1) We know there are n+ 1 or
T terms.
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(2) and (3) The first term is x® and the last
term is y®.

(4) The terms with their exponents but with-
out their coefficients are

x5 + x5y + xty? + x3y% + x2yt + xy® + ¢

The numerical coefficient of the second term
(determined by the first term) is

51 _

I 6

Then, we have x8 + 6x%
The numerical coefficient of the third term (de-
termined by the second term, 6x%y) is

56 _

2 15

Then, we have
x6 + 6x5y + 15x%y2
The numerical coefficient of the fourth term is

15-4

3 20

Then, we have x8 + 6x5y + 15x%y2 + 20x%y3
This process is continued to find

x5 + 6x5y + 15x%y2 + 20x3y3 + 15x2y% + 6xy5 + yb
EXAMPLE: Write the expansion of (2x - 3y)*
SOLUTION: Inthis case we consider (2x - 3y)?
to be
[(2x) + (-3y))*
We write the terms without coefficients as
(2x)* + (207 (-3y) + (2x)2(-3y)?

+ (2x)(-3y)® + (-3y)*

then determine the numerical coefficients as
(20)* + 4(2x)°(-3y) + 6(2x)*(-3y)?
+ 4(2x)(-3y)3 + (-3y)*

and carry out the multiplication indicated to
find

16x4 - 96x3y + 216x2y2 - 216xy3 + 81y*?

23

EXAMPLE: Evaluate (1 + 0.05)° tothe near-~
est hundredth.
SOLUTION: Write
(1 +0.05)° = 15 + 5(1)%(0.05)
+ 10(1)3(0.05)% + "3(1)2(0.05)3
+5(1)1(0.05)* + (0.05)%
Term by term the values are
15 =1
5(1)*(0.05) = 0.25
10(1)3(0.05)2 = 0.025
10(1)2(0.05)3 = 0.00125
5(0.05)% = 0.00003125
(0.05)> = 0.0000003125
We are concerned only with hundredths; there-
fore, we add only the first four terms and find
the sum to be
1.27628
which rounds to
1.28
For all positive values of n, the expansion of
a binomial (x +y)® may be accomplished by

following the previous rules indicated; that is,

n(n - 1)x"2y2

E+y)" =x" ey 4+ T3

. n(n - 1)(n - 2)x""3y3

1-2-3 -+ Y0

PROBLEMS: Write the expansion of the fol-
lowing:

1. (x +3y)

2. (2x - y)4

3. (n+ 3P
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ANSWERS:

L x5+ 9x%y + 27xy? + 27y3

2. 16x* - 32x%y + 24x2y? - Bxy® + y?

3. n® + 15n* + 90n° + 270n2 + 405n + 243

PROBLEMS: Evaluate the following to the
nearest hundredth.

1. {1 +0.01°

2. (1.03)° or (1 +0.03)°

ANSWERS:
1. 1.06
2. 1.16

GENERAL TERM OF (x +y)"

We consider the general term of (x +y)" as
the rth term. When we expand (x + y)* we have

- n-2,2
(x+ y)" =x" + nx"y + nln - DxP7y7
1-2
- - n-3.,3
N n(n - 1)}{(n - 2)x""y .

. n
1-2-3 ty

Notice that if we consider the term

n(n - 1)(n - 2)(n - 3)x"4y?
1-2-3-4

as the rtP term, it is really the fifth term. The
coefficient is

n{n - 1)(n - 2)(n - 3)
1:2-3-4

which is really

nn-1)---(n-3)
1-2-3-4

If this is the r'? term, then, in the numerator

n-3=n-(-2)

n-r+2

and in the denominator

4=r-1
therefore,
n(n - 1){(n - 2)(n - 3)
1:2-3-4
is equal to

nn-(n-2).--(n-r+2)
1:2:3-+ (r - 1)

and the exponents are

xn—4y4

or

xm-(r—l)y(r—l) = xn—r+1yr—1

Therefore, the rth term wherer = 1,2,3, ...
is

nfn-1)n-2)n=-3)..-(n-r+2)
1-2°34 - (r -~ 1)

xn- r+1yr— 1

At this point, the binomial formula holds for
all positive integral values of n. Later, we will
prove this to be true.

EXAMPLE: Find the 4'M term in the expan-
sion of (x + y)8.

SOLUTION: Write

then,

nn-1)(n-2)(n-3) ... (n-r+2)
1:2:3:4+-(r-1)

xn- r+1yr—1

4-1

8-7-6
- 8-4+1
123 % Y

3

8-7-6 ;
1.23%Y

56x° y3

EXAMPLE: Find the 374 term in the ex-
pansion of (a - 3b)”.



Chapter 2—MATHEMATICAL INDUCTION AND THE BINOMIAL THEOREM

SOLUTION: Write

n=>5

r=3
and let

Xx=a
and

= -3b
Then, using the binomial formula, find that
nn-1)(n-2)...(n=-r+2) xn-THyre1

1:2:3--(r-1)

5-4 3 2
1-2 (a)’ (-3b)

10a3 (~-3b)2

90a3b2

PROBLEMS: Find the indicated term of the
following by using the binomial formula:

1. 4 term of x +y)°

2. 9t term of (x + y)!2

3. 3™ term of (a2 + B2)®

4. 5 term of (2x - 3y)?
ANSWERS:

1. 84x8y3

2. 495x*y8

3. 15(2)*(B2)° or 15a8B4

4. 35(2x)%(-3y)* or 22680x7y*

EXPANSION OF (x +y)® WHEN n
IS NEGATIVE OR FRACTIONAL

The expansion of (x + y)" when n is negative
or fractional does not terminate and holds only
if y is numerically less than x. This is known
as the binomial series,

25

EXAMPLE: Expand (x + y)"2 to four terms
and simplify.
SOLUTION: Write

(x+y)2 =x2 -2x3y + 3x4y2 - 4x~5y3 + ...
1 . 2y R 3y2 _ 4y3
x2 x3 xf x5

1

EXAMPLE: Expand (x + y)i to four terms
and simplify.
SOLUTION: Write

1
& +y)? =

EXAMPLE: Expand (1 + y)— to four terms
and simplify.

SOLUTION: Write

1
(1+y) 2

-3 3 =5
)(1) 2y iy (1) 2y2

-1
12 +<-

D[

NS AT
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The binomial expansion is a useful tool in
determining a root of a number to a particular
degree of accuracy.

EXAMPLE: Evaluate 323 to the nearest
tenth.

SOLUTION: Write

5-2

\/—2?3 = N2
1
= (25 - 2)2

The choice of 25 and 2 is made because 25
is the nearest square to 23. Then,

1 1
@52 + % @5) 2(-2)

ol =

(25 - 2)

+ (- %) (25)'%(-2)2 ‘e

P S T
=5 - 0.20 - 0.004
= 4,796

= 4.8

EXAMPLE: Evaluate \/35 to the nearest
tenth.
SOLUTION:

35 = \/32 +3
1
(32 + 3)°

The choice of 32 and 3 is made because 32 is
(2)® which is the nearest 5th power to 35. Then,

G =

1 4
(32 + 3)5 = (32)5 + % (32) 5(3)

=2 + -i - 9 +
80 6400

= 2 + 0.037 - 0.001

= 2.036

= 2.04

= 2.0
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This answer may be verified by raising 2.04
to the fifth power; that is,

(2.04)5 = (2 + 0.04)°

25 4+ 5(2)1(0.04) + 10(2)%(0.04)2

+10(2)2(0.04)% + - -

32 +3.20 + 0.1280 + 0.00256 + .

35.33

[

35

PROBLEMS:
nearest tenth.

Evaluate the following to the

1. ~30
2. Yoo

ANSWERS:
1. 5.5

2. 2.2

PROOF BY MATHE-
MATICAL INDUCTION

We have shown that the binomial theorem is
indicated (for all positive integral values of n)

by
- n-2,2
x+y)"=x"+ nx™ly + ______n(n 11)x2 5
. n(n - 1)(n - 2)x"3y°

1-2°3 o

+ nxy™ 14+ yn

To prove this by mathematical induction we
show the two steps of the previous proof. That
is, when n equals 1 the formula yields (x +y).
This is obvious by inspection.

In step (2) we assume the formula is true
for n equals K by writing



Chapter 2—MATHEMATICAL INDUCTION AND THE BINOMIAL THEOREM

- K-1 -
(x + y)K = xK 4 KxK-ly 4 K(l.2 ) (K 2y2
. K(K - 1)(K - 2)xK-3y3

K-1 K
1373 +. .+ Kxy +y2 (1)

Then, when n = K + 1, we have
(x + y)K+1 = xK+1 4 (K + 1)xKy

K(K + 1)xK-1y2

K(K + 1)(K - 1)xK-2y3 N
1-2

1-2-3

+ (K + 1)xyK + yK+1L 2)
This is what we wish to verify. In equation (1),
to obtain the (K + 1) term of (x + y)K, we must
multiply (x +y)X by (x +y) which gives (x +y)K+1,
We must also multiply the right side of this
equation by (x +y) in order to maintain our
equality. When we multiply the right side of
equation (1) by (x + y), we have

x +vy) [xK + KxK-1y 4 —K(If-z ) xK'Zy2
- 1)(K - 2
K(K - 1)(K ) xK'3y3

* e . —1 K
133 + +ny'K +y }

which gives

X {xK + KxK'ly + _K(If-z 1 xK‘zy2
K——————(K 1-12)(I§ -2 XK'3y3 4o+ nyK"1 + yKJ

+y [xK 4 K}{K-ly + E(._ll%_li XK—2y2

K—————~—(K;12)(I§ -2) xK'3y3 F oo 4 nyK"1 + y‘K}

By carrying out the indicated multiplication
and then combining terms we have

xK+1 4 K + l)xKy + K*(If; D) xK‘ly2

. K(K+1)(K-1) oK-2

3,... K+1
1733 v+ +(K+1)xyK+y

which is identical to equation (2) and the validity
of the theorem is proved.
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PASCAL'S TRIANGLE

When we expand (x + y)" for n=0,1,2, ...
we find

x+y)? = 1

x+y?! = 1x + 1y

(x +y)? = 1x? +2xy+1y2

x+y)3 = 1x3 + 3x%y + 3xy? + 1y3

(x +y)* = 1x* + 4x3y + 6x2y2 + 4xyd + 1yt

We could continue this indefinitely but for

explanation purposes we will stop at the point
where n = 4.

If we remove everything except the numeri-
cal coefficients of each term we have

n =0, 1
n=1, 1 1
n =2 1 2 1
n =3, 1 3 3 1
n = 4, 1 4 6 4 1
whose border forms an isosceles triangle

bounded by 1's on two sides. This triangle is
named for Blaise Pascal who discovered it.
Pascal's triangle gives the numerical coeffi-
cients of the expansion of a binomial.

Each row, after the first, is formed from
the row above it and there are n+ 1 terms in
each row. A row is formed by writing 1 as the
first term and then adding the two numbers
above and nearest tothe number desired;thatis,

n =0, 1
n=1, 1 1
M
n= 2, 2
——
n = 3, 1 3 3 1
e e ad
n=4a4, 1 4 6 4 1
PR NS S )
n=>5, 1 5 10 10 5 1
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EXAMPLE: Find the coefficients of (x + y)! when n equals 7.

SOLUTION: Write

n =0, 1

n=1, 1 1

n= 2, 1 2 1

n =3, 1 3 3 1

n = 4, 1 4 6 4 1
n =5, 1 5 10 10 5 1
n = 6, 1 6 15 20 15 6
n="1, 1 7 21 3 35 21 7

Notice there are n + 1 terms in each row.

28



CHAPTER 3
DESCRIPTIVE STATISTICS

Statistics is the collection of great masses
of numerical information which is summarized
and then analyzed for the purpose of making
decisions; that is, the use of past information
is used to predict future actions. In this chap-
ter we will assume that the numerical data has
been collected (by various processes) and will
discuss distribution and measures of central
tendency and variability.

FREQUENCY DISTRIBUTION

When we classify, by order, many variables
into classes by size and put this information
into table form, we have created a frequency
distribution table.

ORDER

The grades in a mathematics class, as shown
in table 3-1, are written in descending order;
that is, the highest grade first, the next highest
grade second, etc. We refer to this set of
grades as an ordered array. If we had the
grades shown in table 3-2, with the occurrences
shown, we would refer to this as a frequency
distribution; that is, we have shown the grades
and the number of occurrences of each.

The data in table 3-2 are discrete variables
and are naturally classified. By discrete vari-
ables, we mean a finite number of variables.
By naturally ordered, we mean the variables
are listed in increasing or decreasing order of
value.

When dealing with continuous variables, we
usually classify them; that is, we group them
according to some class boundaries. If we
were forming a frequency distribution table of
weights of 100 individuals, we would determine
the heaviest (231 lb) and lightest (109 lb), then
divide the weights into from 10 to 20 classes.
We subtracted 109 from 231 and found the dif-
ference to be 122. If we used 10 classes, each
class interval would be

122

T = 12.2

29

Table 3-1.—Array of values.

Grades

Table 3-2.—Frequency distribution.

Grade Occurrences Frequency

- :
GO Ut ] = GO N =T DD
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We may choose any number between 6.1 and
12.2, and we find it convenient to use 10 as the
class interval. We know the smallest number
must fall into the lowest class; therefore, we
assigh the lower limit of the first class as 108.5
which is one-half unit beyond the accuracy of
the weights. This prevents any weight falling
on a boundary. The first class interval is 108.5
(the lower boundary) plus the interval of 10
which gives 108.5 - 118.5. The next class in-
terval is 118.5 - 128.5, etc.

Now as we determine each individual weight,
we make a mark beside the proper class inter-
val. We determine class marks by finding the
midpoint of each class interval. The frequency
column is the number of tally marks in the oc-
currence column. This is shown in table 3-3.

The class marks (x) indicate that we have
assigned each weight in that class interval the
weight of that class mark. The frequencies (f)
indicate the number of occurrences.

HISTOGRAM

The information in table 3-3 would be easier
to visualize if it were shown graphically. This
is shown in figure 3-1.

The class boundaries are indicated on the
horizontal axis and the frequencies are indi-
cated on the vertical axis. If the width of the
bars is considered unity, then the area of each
rectangle is representative of the frequency.
The total area of all the rectangles, then, rep-
resents the total frequency. Figure 3-1 is a
histogram of the information in table 3-3.

POLYGON

Another method of representing the infor-
mation in table 3-3 is shown in figure 3-2. This
figure is developed by connecting the midpoints
of the tops of adjacent rectangular bars of fig-
ure 3-1 together. These midpoints are in actual
practice the class marks of the classes. The
area under the curve of the polygon is the same
as the area under the curve of the histogram.
This may be seen by examining one of the rec-
tangles and noting that there is the same amount
of area, cut into a triangle, outside the bar as
there is inside the bar. This is shown in the
shaded area of figure 3-2.

Both the histogram and the polygon present
a graphicalrepresentation of data which is easy
to visualize. These are used to quickly com-
pare one set of data with another set of data.

MEASURES OF CENTRAL TENDENCY

The previously mentioned frequency distri-
bution tables dealt with the variables specifi-
cally. To summarize the tendencies of the
variables we use the idea of central tendency.
Several ways of describing the central tendency
are by use of the arithmetic mean, the median,
the mode, and the geometric and harmonic
means. These are discussed in this section.

ARITHMETIC MEAN
We will use the term mean to indicate the

arithmetic mean which is the commonly used
idea of average.

Table 3-3.—Frequency distribution with class boundaries.

Class boundaries Occurrences Class marks: x Frequencies
108.5 - 118.5 I 113.5 1
118.5 - 128.5 (n 123.5 3
128.5 - 138.5 (11 133.5 4
138.5 - 148.5 T 143.5 5
148.5 - 1568.5 s VIR 153.5 9
158.5 - 168.5 M N T 163.5 17
168.5 - 178.5 M N T MY 173.5 20
178.5 - 188.5 VNI 183.5 15
188.5 - 198.5 TN 193.5 10
198.5 - 208.5 T It 203.5 8
208.5 - 218.5 M 213.5 5
218.5 - 228.5 I 223.5 2
228.5 - 238.5 | 233.5 1
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The mean is defined as the sum of a group of
values divided by the number of values.

If we have the test scores of 70, 66, 85, 95,
90, and 80, we find the mean by adding the
scores and then dividing the sum by the number
of scores we have, that is,

70
66
85
95
90
_80

486
and
486 + 6 = 81

which is the mean.

If X is the mean, then

X1+X2+X3+---+X

X =

or

Sigma (Z) is the summation symbol and i = 1
to n indicates that the values of X; from i =1 to
i = n are added. This sum is then divided by n,
the number of scores involved.

EXAMPLE: Find the mean of 78, 92, 63, 76,

83, 82, and 79.
SOLUTION: In the formula

X,

s

p—t

— 1=
X =

n

the sum of the scores is 553 and n equals 7,
therefore,

.M:’
e

>
I
W
Pt

=179

In cases such as shown in table 3-4, the
mean could be found by adding each grade (no-
tice there are three 72's, six 80's, etc.) then
dividing by the total number of grades. It would
be far easier to multiply each grade by the
number of times it occurred and then adding
these products to find the sum. This sum is
then divided by the total number of grades.
This is shown in the formula

AN
E

X = n
where

f = frequency of each grade
and

n = total number of grades
This gives

_ _ 1(60) + 3(72) + 6(80) + 4(92) + 2(96)
X = 16

60 + 216 + 480 + 368 + 192

16
= 82.25
Table 3-4.—Sample frequency distribution.

Grades Frequency f(xi)
60 1 60
72 3 216
80 6 480
92 4 368
96 2 192
16 1316

Computation of Mean by Coding

Our computations to this point Have dealt
with a relatively small number of values. When
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the number of values becomes large, we may
resort to the use of coding to determine the
mean,

Before discussing the actual coding process,
we will examine a few related type procedures.
If we were to find the mean of the values 92, 87,
85, 80, 78, and 65, we could assume a mean of
(80) and determine the deviation of each value
from this mean as follows:

Value Deviation
92 + 12
87 +17
85 +5
80 assumed 0

mean
78 -2
65 - 15

We then algebraically add the deviations and
find the sum to be + 7. Divide + 7 by 6, the
number of values, and find the quotient to be
+1.16. We then add, algebraically, the mean of
the deviations (+1.16) to the assumed mean of
the values (80) and find the actual mean of the
values to be (80) + (+1.16) or 81.16.

If we were to find the mean of 90, 80, 70, 60,
50, and 40, we could assume the mean to be 70
and write

Value Deviation
90 + 20
80 + 10
70 assumed 0

mean
60 - 10
50 - 20
40 - 30

Then find the mean of the deviations to be

-30
g ="

~

and the actual mean of the values is the alge-
braic sum of the assumed mean and the mean
of the deviations which is

assumed mean of _ actual
mean deviations mean
70 + (-5) = 65
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Notice in the preceding example that all de-
viations are multiples of ten. By dividing each
by ten we would have deviations of 2, 1, 0, -1,

-2, -3. Once again we shall assume 70 as the
mean. We now have the following deviations
and values:
Value Deviation
90 + 2
80 +1
70 0
60 -1
50 -2
40 -3
The algebraic mean of the deviations is
equal to
-3 _
5 -0.5

Now we must multiply -0.5 by ten to arrive
at the same mean of deviations we found in the
previous example. This may be done because
the difference in the deviations is a constant,
and this was due to the values having a constant
difference.

As we have seen, the computation of the mean
by use of the formula

n

= 1

X = HZI: Xt
i=

is rather simple when the number of vaiues and
their frequencies are small. When X; and fi
are large we may resort to the use of coding.
We will use u to designate the coding variable.
When we have a set of variables as shown in
table 3-5, we represent the class marks by
both positive and negative integers. The zero
may be placed opposite any value near the mid-
dle of the distribution. We choose 163.5 as the
value to correspond to u = 0.

To find the mean of the values, using the
code, we find the algebraic sum of column u to
be -3. The mean of the u's then, is

-0.5
6) -3



MATHEMATICS, VOLUME 3

Table 3-5.—Coded distribution.

Class boundaries Freq?ency Classxmark Cc:lde
128.5 - 138.5 1 133.5 -3
138.5 - 148.5 1 143.5 -2
148.5 - 158.5 1 153.5 -1
158,5 - 168.5 1 163.5 0
168.5 ~ 178.5 1 173.5 +1
178.5 - 188.5 1 183.5 + 2
The differences in class marks is 10; there- and find
fore, we multiply (-0.5) by 10 and find this
equal to -5. The -5 is added to the value cor- X=Cu+x
responding to u equal 0. Thus,
Then,
163.5 + (-5) = 158.5
C =10
which is the mean of the class marks.
If we use x to designate the value corre- G- =3 _ 0.5
sponding to u= 0, and if we use C to indicate T8
the class interval (difference between adjacent
class marks), we may show the relationship and
between the x's and u's by
x, = 163.5
X, = Cui +X
therefore,
In table 3-5, the length of the class interval
is 10; therefore, X=Cu+x

x; = 10ui + X

We may verify this formula by choosing any
class mark in table 3-5. Let us test

x, = 143.5

1

Then
X, = 10u, + X,
and
143.5 = 10 (-2) + 163.5
-20 + 163.5

143.5

To compute the value for x we substitute X
for x; and U for u, in the formula

xi= Cui+x0

o]

1

10 (-0.5) + 163.5

= -5 + 163.5

158.5

We may verify this by writing

i
1]

X.
2.7
n

n
i=1

133.5 + 143.5 + 153.5+163.5 + 173.5 +183.5

851.0
6

158.5

The reason we may substitute X for x; and
for u; is shown as follows:



Chapter 3—DESCRIPTIVE STATISTICS

We have shown that

(1

L

[}
[~
[
Ny
.-T"

and
x; = Cu, +x (2)

Then by substituting (2) into (1) we have

X (%) i (Cu; +x ) £,

i=1
15
= (-ﬁ/ ; (Cuf, +x 1)
1 < 1 %
- (8) 2 outer (5) 2 e
i=1 i=1
1 9 1 5
co () e, ()
Now,
1 n
i=(5) L wh
i=1
and
) n n
(Tn) Z f, = 1, where n = Z £,
i=1 i=1
therefore,

¢ <%) i uy

i=1

= Ci

and

then

Ml

]

a
——~~

J =
N

[=1
.

L)
—

+

"
)
TN
Slr
h——
HHD

=Cli+x

The previous example which used table 3-5
dealt with values which all had a frequency of
one. To compute the mean of the values shown
in table 3-6 will involve varied frequencies and
is done as follows:

We use the formula

X=Cu+x (3)
and by inspection of table 3-6 find that
C=10
and

X 163.5

(o]

The next step is to determine u; that is,

e
1
-
Sl
S
=
[ =1
o
=
o

i=1
where
n = 42
and
n
Z uifi = +9
i=1
Then,
U= 1 (+ 2)
T 42 1
=39
42
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Table 3-6.—Coded frequency distribution,

Class boundaries Frequency Classxmarks C?lde (Code)uf(Freq.)
128.5 - 138.5 2 133.5 =3 -6
138.5 - 148.5 4 143.5 -2 -8
148.5 - 158.5 7 153.5 -1 -7
158.5 - 168.5 11 163.5 0 0
168.5 - 178.5 9 173.5 + 1 + 9
178.5 - 188.5 6 183.5 + 2 + 12
188.5 - 198.5 3 193.5 + 3 +9

42 + 9
Substituting into equation (3), find that Therefore,
£ =10 (—9-) + 163.5 ;&
42, 15 et
42 iL_I' ity
90 =
=57 * 1635 1
= — (6957.0
= 2.14 + 163.5 42 ( )
= 18§ g4
e _ 6957.0
To show the usefulness of coding, we will 42
now compute (the long way) the mean of the
class marks of table 3-6 by use of the formula = 165.64
n
g=13"xi Notice that X was the same in each case, but
n /%1t in the first case far less computation was re-
i=1 quired
PROBLEMS:

n
1
v Z x; §
=1

and the products of the x;{;'s are

133.5x2 =267.0
143.5x 4 =574.0
153.5x 7 =1074.5

163.5 x 11 = 1798.5

173.5x 9 = 1561.5
183.5x 6 = 11010
193.5x 3 =580.5
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1. Find X in table 3-7 by completing the
indicated columns and using coding, and check
your answer by using the formula

>l
]
e

™=

i

[y
I
b

2. Compute, by coding, X in table 3-3.

ANSWERS:
1, ¥=18242
2. x=1743
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Table 3-7.—Practice problem.

Class boundaries Freq?ency Class marks Code (Code) (Freq.)
b ¢ u uf
138.2 - 148.2 4 143.2
148.2 - 158.2 6 153.2
158.2 - 168.2 13 163.2
168.2 - 178.2 15
178.2 - 188.2 17
188.2 - 198.2 14
198.2 - 208.2 11
208.2 -~ 218.2 8
218.2 -~ 228.2 2
90
MEDIAN than value. For example, workers may be rated

In an ordered array of values, the value
which has as many values above it as below it
is called the median. In some cases the median
may be a point rather than a value. Thisoccurs
when there is an even number of values and will
be explained by a following example.

When we have a very large or small value,
as compared to the other values in the array,
the median is generally superior to the mean
as a measure of central tendency. This is be-
cause the large or small value will cause the
mean to move away from the major grouping of
the values. .

EXAMPLE: Compare the mean and median
of the values 2, 3, 3, 5, 6, 9, 133.

SOLUTION: We find the mean to be

161
7 = 23

The median is the middle number in the or-
dered array

133

NWWOAODO©

which is the number 5. Notice that more of the
values cluster above and below the 5 than about
the mean of 23.

Also, the median may be used in cases where
items are arranged according to merit rather

31

by their ability; then, the median of the abilities
of the workers is the rating of the iniddle worker
in the array.

Generally, then, the median is a measure of
position rather than a measure of value.

EXAMPLE: Find the median of the following
values: 17, 6, 5, 3, 2, 2, 1.

SOLUTION: Arrange the values in an or-
dered array as

=HNDMNDWOTO -3

Then, by inspection, find the number which has
as many values above it as below it: 3.
EXAMPLE: Find the median of the values
9,9,1,6,5, 4.
SOLUTION: The values in ordered array
form are

[N e B Ve o]

We find no middle value; therefore, the me-
dian is the mean of the two middle values; that

is,



= 6.5

which is the median for the set of values given.
Notice that X in this case is the mean of
only the two values 6 and 7 and not the entire
array. We will designate the median by Md.
EXAMPLE: Find and compare the median
of each of the following arrays;that is, A and B:

A B
9 50
8 48
7 10
6 6
5 3
4 2
3 1

SOLUTION: The median of both A and B is
6. In this case the median should not be used
to compare A and B because of the wide range
of B values and the close grouping of A values.
In this case the means would give a better com-
parison. In some cases the median will give a
more realistic meaning to a set of values.

EXAMPLE: In a small organization the sal-
aries of the 5 employees are

Employee Salary
A $ 7600
B $ 4900
C $ 4700
D $ 4500
E $ 4300

The median of the salaries is § 4700. The mean
of the salaries is

% - 7600 + 4900 + 4700 + 4500 + 4300
5
_ 26000
5

= $ 5200

Notice that with
Md = $ 4700

and

X = $ 5200
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the median is more representative than the
mean because four of the five employees have
salaries less than the mean.

MODE

In a distribution the value which occurs
most often is called the mode. When two or
more values occur most often, rather than just
one value, there will be more than one mode.

EXAMPLE: Find the mode of the values 7,
9,11, 7,8,6,6,7, 5.

SOLUTION: By inspection, the value which
occurs most often is 7; therefore, the mode is
7. It is indicated by writing

Mo =17

20, 17, 17, 16, 16, 15, 16, 17, 20.
SOLUTION: By inspection, the values which
occur most often are 16 and 17; therefore,

Mo = 16 and 17

e

WO

Yoo oay o o AL - [P,
Il LIS CdS€e LUlere are moges.

RANGE

The range of a set of values or of an array
is defined as the difference between the largest
and smallest values. The range in the preced-
ing example is the high value (20) minus the
low value (15) which is

20 - 15 =5 =r (range)

PROBLEMS: Find the mean, median, mode,
and range in the following:

1. 17, 19, 31, 21, 34, 6, 8, 9, 17
2. 100, 60, 80, 80, 60, 60, 70, 50

3. 7.2,3.7, 6.2, 10.3, 11.9

ANSWERS:
1. X=18
Md = 17
Mo = 17
r=28
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2. X=10
Md = 65
Mo = 60

r = 50

3. X=1.86
Md = 7.2
Mo = none

r=2_8.2

GEOMETRIC MEAN

The geometric mean is sometimes used to
average a set of percentages or other ratios.
The geometric mean is found in the same man-
ner as the arithmetic mean except that loga-
rithms are used. The geometric mean is also
useful when the variables have the character-
istics of a geometric progression or sequence.
The formula for the geometric mean is

G = \%(l.xz.xa...xn

This formula may be changed as follows, by
taking logarithms on both sides:

then
log G = log VX; X, X5 -+ X
1
= log (X; "X, Xy - X"
= (1) 1og (x, X, X, X))
n) 08T R n
log(Xl'Xz-X3°--Xn)
- n
logXl+logX2+logX3+---+loan
= n
n
Z log x;
i=1
logG = ——+—

n
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By definition, the geometric mean of X is
the antilogarithm of the arithmetic mean of
log X.

EXAMPLE: Find the arithmetic mean and
the geometric mean of the price:earning ratios
for the stocks as shown in table 3-8.

SOLUTION: Find the logarithms of X and
write the column of log X and find totals.

Table 3-8.—Geometric mean.

Stock Price earning | Log of price:earn-
ratio (x) ing ratio (log x)
1 18.2 1.2601
I1 17.3 1.2380
1 16.8 1.2253
v 14.5 1.1614
A% 31.2 1.4942
98.0 6.3790
The arithmetic mean is
n
Z %
- i=1
X =
n
_ 88
5
= 19.6
The geometric mean is
n
log x;
i=1
log G = a
- 6.3790
5
= 1,2758

Then,
G = antilogarithm of log G

= antilog (1.2758)

= 18.8"
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PROBLEM: Find the arithmetic and geo-
metric mean of the following:

Item X log X
I 32.6 1.5132
i 17.2 1.2355
oI 9.6 0.9823
Iv 21.7 1.3365
v 33.1 1.5198
VI 15.8 1.1987

ANSWER:

arithmetic mean is 21.66
geometric mean is 19.84
HARMONIC MEAN

In certain cases the harmonic mean serves
a useful purpose. Although this mean is gen-
erally not found in statistics, it is a method of
describing a set of numbers and will be ex-
plained.

When averages are desired where equal
times are involved, the arithmetic mean of
speeds is used and when equal distances are
given the harmonic mean is useful.

EXAMPLE: An automobile travels for 3
hours at a rate of 60 miles per hour, then trav-
els for 3 hours at a rate of 70 miles per hour.
What is the average speed of the automobile ?

SOLUTION: Equal timesare involved; there-
fore, the arithmetic mean of the automobile
speed is

n
ZZ: X
=1

n

X =
— 60 + 70
X =
2
_ 130
2
= 65

EXAMPLE: An automobile travels 200 miles
at a rate of 60 miles per hour and the next 200
miles at a rate of 70 miles per hour. What is
the average speed of the automobile ?
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SOLUTION: Equal distances are involved,
resulting in unequal times for the two rates.
Therefore, the harmonic mean is more accu-
rate than the arithmetic mean. It is found as

follows:
H = n
T 1 1
—_— e —— e —
X1 X2 Xn
_ n
- n
2%
X.
i=1 !
_ 2
B 1
60 70
2
T 130
4200
420)
=2 (Ts
= 64.6

The difference in the averages is explained
by the fact that the automobile in the first ex-
ample traveled a total distance of 390 miles in
6 hours or at an average speed of 65 miles per
hour. The automobile in the second example
traveled 400 miles in 3.33 hours plus 2.86 hours
or 6.19 hours which is an average speed of 64.6
miles per hour.

The fallacy of using ""averaging' (arithmetic
mean) when times are unequal may be demon-
strated even more dramatically by finding the
"average' speed of an automobile which travels
995 miles at a speed of 60 miles per hour and
travels the final 5 miles of a 600-mile trip at
20 miles per hour.

PROBLEM: An automobile travels 100 miles
at a speed of 50 miles per hour, 100 miles at a
speed of 45 miles per hour and 100 miles at a
speed of 70 miles per hour. What is the aver-
age speed of the automobile ?

ANSWER: 53.09 miles per hour.
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MEASURES OF VARIABILITY

To this point we have discussed averages or
means of sets of values. While the mean is a
useful tool in describing a characteristic of a
set of values, it does not indicate how the values
are dispersed about the mean. That is, the
values 20, 50, and 80 have the same mean as 45,
50, and 55 although in the first case the disper-
sion and range is much greater. In describing
a set of values we need to know not only the
mean but also how the values are dispersed
about the mean.

Generally, when the dispersion is small, the
average is a reliable description of the values;
and if the dispersion is great, the average is
not typical of the values, unless the number of
values is very large.

MEAN DEVIATION

The mean deviation is defined as the arith-
metic mean of the absolute values of the devi-
ations from the mean. In the set of values 45,
50, and 55, the mean deviation, given by the
formula

n
1
M.D. =1 )X -X|
i=1
where the mean (35 is 50, is shown as

_ absolute value

values X le -X| ~ of deviations
55 |55-50| =5
50 | 50-50 I =0
45 | 45-50 | =5

and the mean of the absolute values of the devi-
ations is

= 3.33

Notice that the absolute value of the devi-
ations is used because the mean of the deviations
would be zero; that is,

41

X, -X = deviation
55-50 = 5
50-50 =
45-50 = -5
and the mean would be
5+40-5
3
=9
3
=0

The mean deviation of the values 20, 50, and
80 is

n
M. D. =% 1Z1: X, -X|

=-;-(30+0+30)

=-6—Q
3

= 20

EXAMPLE: Find the mean deviation of the
values 72, 60, 85, 90, 63, 80, 90, 93, and 87.

SOLUTION: Make an array with columns
for X and X, - x[ as follows:

|x1 '}_(l

Determine the mean as

n
2%
i=1

1

X =

CIsy

= 80
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H
then complete the column for ]Xi - )_(| as . n
X X, - X| M'D'='ﬁZ|Xi'le1
i i=1
93 13
90 10 EXAMPLE: Find the mean deviation of the
90 10 following values:
87 7
85 5 16, 13, 15, 15, 13, 17, 13, 18, 20, 17, 12
80 0
72 8 SOLUTION: Write the frequency distribution
63 17 as follows:
60 20 _ B
X f |X.-X| lX.-XIf.
1 1 1
Now,
20 1 4.6 4.6
n 18 1 2.6 2.6
1 Z < 17 2 1.6 3.2
M.D. =g/ X -X) 16 1 0.6 0.6
i=1 15 2 0.4 0.8
13 3 2.4 7.2
=%(13+10+10+7+5+0+8+17+20) 12 1 3.4 3.4
where X = 15.4 and
- 90
9
&
- 10 M.D.=;Z|Xi-x|fi

PROBLEMS: Find the mean deviation for
each set of values given.

ANSWERS:
1. 4.08
2. 1.04

To this point in our discussion of mean de-
viation we have dealt with arrays of values. If
we desire to find the mean deviation of a fre-
quency distribution, we need only modify the
formula for mean deviation; that is,

n

150 <
n Za |Xi-X‘

M. —
i=1

D.

is written to include frequency (fi) as follows:

42

L [1(4.6) + 1(2.6) + 2(1.6) + 1(0.6)
+2(0.4) + 3(2.4) + 1(3.4)]

1
11 (4.6 +2.6 +3.2 +0.6
+0.8+17.2+3.4)

= 2.04
PROBLEM: Find the mean deviation of the
grades in table 3-4.

ANSWER: 8.31

STANDARD DEVIATION

While the mean deviation is a useful tool in
statistics, the standard deviation is the most
important measure of variability. The standard

Amerind s U SN 'S £ $te
UCYilatlull 1O UIT Syual © 10UUL Ul Uit llivall Ul e
squares of the deviations from the mean; that
is,
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1 n

- = X, - X)2

o= nZ(i )
i=1

The symbol o (lower case sigma) designates the
standard deviation, Notice that instead of using
the absolute value of X; - X as in the computa-
tion of the mean deviation, we square X. - X
and then find the square root of the sum of
(X; - X)2 divided by n.

EXAMPLE: Find the standard deviation of
the values 60, 70, 75, 65, 70, 80.

SOLUTION: Make a table as follows:

X X, -X X, - X)*
80 + 10 100
75 + 5 25
70 0 0
70 0 0
65 - 5 25
60 - 10 100
250
Then,
1 n
2 /1 32
o = 5 Zl X; - X)
1=

1
\/ & (250)

N41.7

6.45

]

‘Chis indicates that the standard deviation of
the values from the mean of 70 is 6.45.

EXAMPLE: Find the standard deviation of
the values 2, 2, 3, 4, 5.

SOLUTION: . Write

X X, -X X, - Xy

2 -1.2 1.44

2 -1.2 1.44

3 -0.2 0.04

4 +0.8 0.64

5 +1.8 3.24
6.80
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Therefore,

o . - X)?

L]
:S|H

I}
o
—
o
=)
o
S

It

1.166

In the two previous examples we used n as
the divisor, but in many cases, especially where
n is small, the formula is modified by the use
of n~1 in place of n; that is,

n

_ 12 72

o = 'H.l(xl—x)
1=

is the standard deviation for a large population

and
] n
2: .
n-1 ‘I(Xi-X)
1=

is the formula for standard deviation when the
population is small, In some cases, s is called
the sample standard deviation. The latter is
commonly used in statistics. In the previous
example the value for s is

\/ 41 (6.80)

~'1.70
= 1.3

and gives a better estimate of the standard de-
viation of the population from which the sample
was taken.

We have shown examples where the frequency
of occurrence of each value was considered in-
dividually. To use the formula for standard
deviation with a frequency distribution, we need
only include f;; that is,

s =

S
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EXAMPLE: Find the standard deviation of In order to simplify our calculations, we
the values 80, 75, 75, 70, 65, 65, 65, 60. resort to the use of coding as we did with the
SOLUTION: Write mean. We know that
X f X. =Cu +X
1 1 o]
80 1 and
75 2 _
70 1 X =Cu+ X,
65 3
60 1 and by subtracting the second equation from the
first equation we have
Then, X. = Cu, +X
n 1 1 (o]
—_ 1 —_— -
X=HZ X f; (-) X =Cu +X0
i=1 — =
X; -X =Cy; +X - (Cu+X)

- % [1(80) + 2(75) + 1(70) + 3(65) + 1(60)] cu

+X, -Cu -X,

i

1 Cui - Cu
=§ (80 + 150 + 70 + 195 + 60)

Cly - 1)

= 69.37 Substitute

X; -X=C(y; - 1)
Now write the following tabulation:
in the formula for standard deviation

X f X-% &-%° &-%°%

n
80 1 10.63 112.99 112,99 - 1 2
75 2 5.63 31.69 63.38 s=\/+73 Z & -2
70 1 .63 .39 .39 i=1
65 3 -4.37 19.09 57.27
60 1 -9.37 87.79 87.79 o
1 =12
321.82 =1/ 2 (o - 2
i=1
therefore,
_ 1 2 = CZ(u, - 0)2f,
s_\/n-l.z(xi-x)fi n-1i=1 ' !
i=1
1 1 2
= = 2
V5 one o\ fatr 2 -t
i=1
= V45,97 In the previous example, because the differ-
ence between values is a constant which is 5,
= 6.78 we may write

44



Chan
Chap I
— -2 =2
X £y uwf u-U (w; - (u;-0)"
80 1 +2 42 2.125 4.51 4.51
7% 2 +1 42 1.125 1.26 2.52
7 1 O 0 0.125 0.0156 0.0156
65 3 -1 -3 -0.875 0.76 2.28
60 1 -2 -2 -1.875 3.51 3.51
8 12.84
where
L 2
=% Z Yt
i=1
1
== (-1
HE)
S
8
= -0.125
Then,
] n
- 2
s=C n-lz(ui u)fi
i=1
= cy/—L (12.89)
N V n-1 )
_ 12.84
= 5 .
= 5 ~1.834
= 5 (1.354)
= 6.77
A simpler

[=
15
2
et
[¢+]
—n
<
=
=
=
£
&

by the following algebraic manipulations and,
omitting the limits to simplify calculations, we
have

45

Tuff -22u Gf +Tulf,
1 1 1 1 1

2

(1]

sulf -2 uf +02 31
1 1 11 1

= 3 :
=Tulf, - IE\ (‘“uf)2+(2uf)2 EEL
-~ i n R s | i7i n2
2 2 1
=zu’f - (;> = uifi)z + (Zu 1)’ <H>
2 1 2
=2Zu f; - <;> (= u; f,)
therefore,
=
. n n
2
s = P Zuifi'_zuifi
i=1 =1

X f u uf u? f
80 1 +2 +2 4
75 2 +1 +2 2
70 1 0 0 0
65 3 -1 -3 3
60 i -2 -2 4
-1 13
and

/ 1 r 1 )

- 2 e 2

s = c\/n_I[Zul £ - = (Zuifl)J
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EXAMPLE: Find the standard deviation of

the values

=5

-

IM#QQ#W

26

5 _}iglgs
103
56

5 V1.84

5 (1.36)

6.80

u

+2
+1

0
-1
-2
=3

SOLUTION: Write

2 1 2
[ZJui fi' = (Zuifi)]

s=C\ﬂil
10\/-}—5 [56 -% (100)]

%
25

10 v2.086
10 (1.444)

10

u f

= 144

PROBLEM: Find the standard deviation, by

coding, of

56 - —

100)
26

=

[
DI b D L) s O

46

ANSWER: Approximately 6.6.
When calculating the standard deviation of
ungrouped or raw values, we may use, instead

of
1 n1
= 2 _ 2
s = —— 'l(xi X)
1=

the formula

n-1

where X is the symbolrepresenting the original
values.
EXAMPLE: Find the standard deviation of
the values 80, 75, 75, 70, 65, 65, 65, and 60.
SOLUTION: Write

X X2
80 8400
5 5625
5 5625
70 4900
85 4225
65 4225
85 4225
60 3600
Totals 555 38825

then,

38503

" "
w %
qIN ®
X1 ©
b
o

-af

g

H
[=2]
-3
@©
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which agrees with a previous problem in which where
we used the formula

X =1
n n
g = 1 Z(X.-}_()zf.
n-1 1 1 1
i=1 =3 (525)
Notice that f; is included in this formula. =175
We could have grouped our values and used the
formula Then,

ZX.f

it

(= x1)? n
2 i
sx2f - —— _ 1 212
.- i n s-\ﬂ_l > x, - R,
n-1 i=1

which is the formula for grouped values.

EXAMPLE: Compare the standard devia- \/ (362)
tion of the values 82, 80, 80, 78, 77, 66, and 62
found by both

.. /382
1 9 °
_ _ %2
5= n-1;(xi X1 - V603
= 7.76

and

and

(z x1,)?

2
TX“f - ——
i n (zX1)
s = — \% X’ - —
S =
n-1
SOLUTION: Write
275625
X f Xt X-% (x,-%° x,-%%t ¥°1, _\/39737 7
82 1 82 47 49 49 6724 6
80 2 160 +5 25 50 12800
78 1 78 43 9 9 6084 /362
M1 11 +2 4 4 5929 6
66 1 66 -9 81 81 4356
621 62 =13 169 169 3844 = V603
Totals 525 362 39737 = 7.16
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CHAPTER 4
STATISTICAL INFERENCE

Statistical inference is the process of mak-
ing 'inferences,'" or deductions, concerning
large numbers.

Statistical processes are based on studies of
large amounts of data. However, it is virtually
impossible to examine each person or object in
a large group (population). Therefore, the com-
mon practice is to select arepresentative sam-
ple group of manageable size for detailed study.

This may be seen in the problem of deter-
mining the average height of all 15 year old
boys in the United States. It would be impos-
sible to measure each boy; therefore, a repre-
sentative group is taken from the population
and measured, then an inference is made to the
population.

Prior to the discussion of sampling we will
review combinations, permutations, and proba-
bility distributions (which were discussed in
Mathematics, Vol. 2, NavPers 10071-B) and the
interpretation of standard deviation.

REVIEW

This section is the brief review of combina-
tions, permutations, and probability. These
subjects will be discussed in order that they
may be related to distributions.

COMBINATIONS

A combination is defined as a possible se-
lection of a certain number of objects taken
from a group with no regard given to order.
For instance, if we choose two letters from A,
B, and C, we could write the letters as

AB, AC, and BC

The order in which we wrote the letters is
of no concern; that is, AB could be written BA
but we would still have only one combination of
the letters A and B.

The general formula for possible combina-
tions of n objects taken r at a time is

48

n!
r'(n - r)!

nCr -

EXAMPLE: If we have available seven men
and need a working party of four men, how many
different groups may we possibly select ?

SOLUTION: Write

n!
C = -
nr  ri(n -r)!
where
n=="1
and
r =4
Then,
71
C = :
nr 41(7 - 4)!
_
T 4131
=5-6-7
3-2-1
= 35

Principle of Choice

If a selection can be made in n ways, and
after this selection is made, a second selection
can be made in n; ways, and so forth for r
ways, then the r selections can be made to-
gether in

© n_ ways
EXAMPLE: In how many ways can a coach

choose first a football team and then a basket-
ball team if twenty boys go out for either team?
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SOLUTION: The coach first may choose a
football team. Write

20!

"Cr = {17030 -1D)1

20!
111 9!

- 12-13-14-15-16-17-18-19-20
9-8:7-6-5-4-3-2-1

167,960

The coach then
from the remaining

chooses a basketball team
nine boys. Write

9!

Cr = 510 - o)1

nr

91

514!

_6:7-8-9
T 4-3-2

= 126

Then, by the principle of choice, the coach may
choose the two teams together in

(167,960) (126) = 21,162,960 ways

PERMUTATIONS

Permutations are similar to combinations
but extend the requirements of combinations by
considering order. If we choose the letters A
and B, we have only one combination; that is,
AB—but we have two permutations. The two
permutations are AB and BA where order is
considered.

The general formula for possible permuta-
tions of n objects taken r at a time is

n!
nPr = (n-r)!

EXAMPLE: If six persons are to fill three
different positions in a company, in how many
ways is it possible to fill the positions?

SOLUTION: Since any person may fill any
position, we have a permutation of

49

6P3

[}

NS
o
o

[
—
o0
o

Principle of Choice

The principle of choice holds for permuta-
tions as well as combinations.

EXAMPLE: Two positions are to be filled
from a group of seven people. One position
requires two people and the other requires
three. In how many ways may the positions be
filled ?

SOLUTION: The first position may be filled
by

71
ro(7-2)!

7!
51

6-7
= 42

and the second position may be filled using the
remaining five people; that is,

51
(5 - 3)!

nPr =

51
21
= 60
Therefore, both positions may be filled in
(42) (60) = 2520

PROBABILITY

This section covers a review of probability
in a somewhat new or different approach to the
subject.

For an event that will result in any of n
equally likely ways, with s indicating success
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and f indicating failure, the probability of suc-

cess is

where
s+f=n

EXAMPLE: What is the probability that a
die will land with a six showing?

SOLUTION: There is only one successful
way the die can land and there are five ways of
failure, therefore,

s=1
f=5
and

p=—>
s +f
= 1
1+5
=1
6

If we assign the letter q to be the probability
of failure and p the probability of success then,

S

p= s+ f
and
_
a= s+f
and
s f
= —_— =1
p+d s+f+s+f

In the case of the die in the preceding ex-
ample, the probability of failure of the six
showing is

)
([}
o

and

50

.
a s+f
. _5
1+5
=3
6
and
_1.5
P*a=§"%
=1

Although the previous example is not a
practical one, we will use this approach in our
discussion of probability for the sake of under-
standing. The same rules we will discuss may
be applied to practical situations, especially
where the relative frequency is determined on
the basis of adequate statistical samples. In
these cases relative frequency is a close ap-
proximation to probability. Relative frequency
is defined as the number of successful events
divided by the total number of events. Relative
frequency is empirical in nature; that is, it is
deduced from previous occurrences,

When a coin is tossed three times, the prob-
ability that it falls heads exactly one time is
shown in the outcomes as

TTH, THT, HTT (1)
and the other outcomes are
TTT, THH HTH THH HHH (2)

where group (1) are the favorable outcomes and
group (2) are the unfavorable outcomes.

The probability that event A occurs is the
ratio of the number of times A occurs to the
total possible outcomes. If we let P{A} denote
the probability that event A will occur; let n(A)
denote the number of outcomes which produce
A; and let N denote the total number of out-
comes, we may show this as

n(A)

P{A} N

i
@ |
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which is really the favorable outcomes divided
by the total number of trials.

In our first example, that of tossing a die,
the probability of a six showing face up, if we
let B be the event of the six showing, is given
by

n(B)
N

P{B}

!
D

Mutually Exclusive Events

Two or more events are called mutually ex~
clusive if the occurrence of any one of them
excludes the occurrence of the others. If two
events are A and B, then

p{A + B} = 24) + n(B) ;n(B)
_n(d) , n®)
N N
and
p{aj = 21
and
P{B} = i}?)
therefore
P{A + B} = P{A} + P{B}

This is called the addition rule.
EXAMPLE: What is the probability of a five
or a six showing face up if a die is tossed?
SOLUTION: Let A be the five and B be the
six. Then,

P{A} = %
and
P{B} = £

51

therefore,
P{A + B} = P{A} + P{B}
=1,1
6 6
=1
3

Dependent Events

Two or more events are said to be dependent
if the occurrence or nonoccurrence of one of
the events affects the probabilities of occur-
rence of any of the others. If two events are A
and B then,

P{AB} = P{A} P{B|A}

which indicates that the probability of two
events occurring is equal to the probability of
the first (A) times the probability of the second
(B) when it is known that A has occurred. This
is called the multiplication rule and P{B|A} is
referred to as conditional probability.

EXAMPLE: What is the probability of draw-
ing, in two successive draws (one marble at a
time), two black marbles if a box contains three
white and two black marbles?

SOLUTION: Let the draws be A and B. Then

P{AB} = P{A} P{B| A}
and
piaj =2
and
P{BlA} = 1
4
therefore
P{AB} = % . %
=1
10

If two events A and B do not affect each
other, then A is said to be independent of B and
we write
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P{AB} = P{A} P{B}

where A and B are independent.

EXAMPLE: What is the probability that
from a box containing three white and two black
marbles we draw a white marble, replace it,
and then draw a black marble ?

SOLUTION: Let A and B be the events re-
spectively, then

P{AB} = P{A} P{B}

because one event does not affect the other
event. Then

3
PiA; = =
and
2
P = =
(B} = 2
therefore
3 2
ABl = 2 . £
P{AB} =%
=8
25
DISTRIBUTIONS

In order to analyze the theory of probability
through mathematical principles we must first
discuss the formation of a mathematical model.
While many types of data may be applied to a
normal distribution curve, it should not be as-
sumed that all sets of data conform to the
curve. Data in the form of height and weight
typically conform to the normal distribution
curve. It is unlikely that data of a social nature
would conform. Coin tossing is a form of data
that does conform to the normal probability
curve and we will use this type data for our
discussion of distributions.

BINOMIAL

When we toss a coin three times, we list the
possible outcomes as

TTT, TTH, THT, HTT, THH, HTH, HHT, HHH

52

Since each toss of the coin is independent and

1
P{H} = —
1} 2
and
1
P{T} = =
{T} 3

then the probability of TTT is

P{TTT} = P{T} P{T} P{T}
1. 1.1
2 2
-1
8

The probability of each of the other out-
comes is the same.

If we are interested in only the number of
heads obtained we let x denote this and we may
have 0, 1, 2, or 3 heads. In table form this is
shown as

Outcome TTT TTH HTT HTH HHT HHH

x 0 1 1 1 2 2 2 3

Now, the probability of different values of x
are

P{0} = 1 (TTT occurs once in the eight
chances)

P{1}= 3

p{2}=3

P{3)= ¢

and in table form they appear as



Chapter 4~STATISTICAL INFERENCE

P{x}

oo
o)W
[c I[N
0|

If we now put this information into a histogram
the distributions will appear as

] w
oo|w

o oo|r-'l
w co[p-l

and this is a representation of a frequency dis-
tribution of the probabilities.

If we toss a die threetimes and let x become
the number of twos showing, we may form the
table, where T is the two and N is not a two, by
writing

Outcome | NNN | TNN | NTN | NNT | TIN | INT | NTT | TTT

x 0 1 1 1 2 2 2 3

Since the probabilities are different, that is

P{T} =

-3

and

P{N} =

Y

by use of the multiplication rule we may make
a table as

NAN (-2) 32
m |k
NTN (%) (%Jz
NNT (%)2(%)
TTN (%)2 (%)
i
@) G
TTT (%)

Now, since each of the groups of events are
mutually exclusive—for example, where we
have two twos and one non-two (TTN, TNT, and
NTT)—we add these together to find P{x}. In-
stead of adding the same thing three times we
multiply by three. This gives us the.table entry
for P{x} where x = 2. We complete the table as
follows:

P{x} E]z 3[%][32 3[%]2% %T

Then
o= -
ri =3 () () - %
ri=s (1) (3)- 5

el
A
[
——

[}
I
| -
S~

il
>
b bt
o}
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If we let p be the probability of a two and q be
the probability of not a two we may write

P{x} | q% | 3q%p | 3qp

This approach to frequency distributions is ap-
propriate for small numbers of trials but when
large numbers of trials are involved we rely
upon the binomial distribution. This is given as

_ n! X n-x
Pix} = x!(n - x}! P q

Notice that

n!
x!(n - x)!
is really
an
therefore

P{x} = an px qn'x

In the die example the probability of one two
showing is

P{X} = an pX qll'X

where
n=3
.
6
x =1
and
q=2
6
then

5C; p! @?
2
i (5) (8)
1 5 2
3 (5) (3)

which agrees with our previous answer.
EXAMPLE: What is the probability of a

single one showing in three tosses of a die?
SOLUTION: Write

p{1}

P{x} = nCx qun-x

and

x =1
n=3
p= 2
6
=5
1%

theretore,

ri - () )
s ()

EXAMPLE: If a die is tossed five times,
find the following probabilities P{x}: x =0, 1,
2,3, 4, 5.

SOLUTION: Write

P{XJL = an pan-x
where

54
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then

”
i

p{1}

P{2}

P{3}

0,1,2,3,4,5
5
1
6
S
6
10 55
- o (3) (3)
55
= 1(1 —
 (3)
_ 3125
7776
1 4

"

53]

O
—
P
| -t
~—
—
(=K%
~—,

[}
o
(@]
[\
TN
|-
VN
P
DO
N

il

o

(@]}

w
TN
| =
\_/m
T~
Dl
vw
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wis - s (3] (3)
-5 () (2
= 25
7176
#ta = s (3] (3
=1 <§7%E) (1)
=L
7776

EXAMPLE: Find, in the preceding problem,
the probability of at least four threes showing,
that is

P{x = 4}

SOLUTION: We desire the probability of
both P{4} and P{5}. These are mutually ex-
clusive, therefore we use the addition rule and
write

P{x = 4} = P{4} + P{5}

-2 1
T 7776 7776
_ 26

7776

Notice that if we add all the probabilities to-
gether, we find the probability that any of the
events will happen, which is,

pP{o} + P{1} + P{2} + P{3} + P{4} + P{5}

_ 3125 3125 1250 250 25 1
176 T 7716 7716 1776 1116 1176
_ 116 _
7176
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This corresponds with our previous assumption 0 4
that the sum of successful and failing events P{O} = 4Cy (l) (_5_)
equals 1. 6 6
EXAMPLE: If a die is tossed eight times,
what is the probability that a four will show ex- 625
actly twice ? =1() (W)
SOLUTION: Write
= _ 625
P{x} = C, pX gt = X = os
where
1 ) 5 ’
n= 8
Plt= . (5) (3)
x=2
1 - (l) (L-’é)
p= 5 6/ \216
-2 _ 500
17 % " 1296
then 9 g
1 5
2 6 p{2} = ,C, (g) <§)

EXAMPLE: If a die is tossed {four times,
what is the probability that a three will show at then
"most' two times ?

SOLUTION: We must find the sum of P{0}, Pix = 2}
P{1}, and P{2} therefore we write

P{0} + P{1} + P{2}

625 500 150
+

= +
Pixj = ,Cy X 4n-X 1296 ~ 1296 1296
where _ 1275
1296
n=4
In problems of a binomial nature, four proper-
x=0,1,2 ties are required. They are as follows:
1 1. The number of trials must be fixed.
P=5 2. Each trial must result ineither a success
or a failure.
q= % 3. The probability of successes must be
identified.
and 4, All of the trials must be independent.

56
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COEFFICIENTS

TERM

Figure 4-1.—Graph of coefficients of (x + y)", n =6

In the previous problems we have made use
of the formula

P{x} = C, pX gh - X
When we plot the coefficient of p and g, that is,
C

nvx

we find that the curve will resemble that shown
in figure 4-1, depending on the value set for n.

NORMAL

When information from a large population is
examined it will be found that there will be
many deviations from the mean. Both positive
and negative deviations will occur with nearly
the same frequency. Also small deviations will
occur more frequently than large deviations.

Many years ago an equation was determined
by De Moivre and later it was applied more
broadly to areas of measurement by Laplace

and Gauss. This equation which exhibits the
previous mentioned characteristics of a popu-
lation, is

—h2x2

y = ke
We will treat h and k as constants of one. The
equation then becomes

y=e
where e is the base of the system of, natural
logarithms and equals approximately % The
equation, then, may be written as

x2
- (i)

Y=t
When we assign values to x and derive the val-
ues for y a curve ris developed as shown in
figure 4-2.

It has been found, when the entire area un-
der the curve equals one, that

2
Figure 4-2.—Graph of y = e~X

91
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1t 1o = 68 percent of the area

it 20 = 95 percent of the area

and

©wt 30 = 99.7 percent of the area

(These areas are shown in figure 4-2.)

These areas also represent probabilities
that a single variable will fall within these in-
tervals. To use the table of areas under the
normal curve the transformation formula

must be applied.

We call the value z the standard normal de-
viate. This indicates the number of standard
deviations the variable x is above or below the
mean.

EXAMPLE: Find the area under the normal
curve from z equal zero to z equal 1.5.

(This area is shown in figure 4-3.)

SOLUTION: In table 4-1 read down the first
column to 1.5thenacrossto0.00and find 0.4332.

EXAMPLE: Find the area under the normal
curve from z equal -0.4 to z equal 0.5.

(This area is shown in figure 4-4.)

SOLUTION: The table gives only areasfrom
Zz equal zero to some positive value, therefore
we rely on symmetry to find the area from z
equal zero to z equal -0.4. Find the area from

2z =0

to

z =04
as

0.1554
Then, the area from

z=20
to

z = 0.5
as

0.1915

We now add the area
0.1554

+ 0.1915
0.3469 total area desired

EXAMPLE: If we are given the distribution
as shown in figure 4-5, what is the area be-
tween x equal 110 and x equal 125, if the mean
is 120 and the deviation is 5? (We assume nor-
mal distribution.)

SOLUTION: We use

to find the values of z which correspond to

X 110

and
125

0]

| 2

Figure 4-3.~Normal curve (z = 1.5).
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Table 4~1,--Areas under the normal curve,

59

.00 .01 .02 .03 .04 .05 .06 .07 .08 .09
0 .0000 .0040 | ,0080 | .0120 | .0160 | ,0199 | ,0239 | .,0279 | .0319 | .0359
0 .0398 .0438 | 0478 | .0517 | .0557 | .0596 | ,0636 | .0675 | ,0714 | ,0753
0. .0793 .0832 } ,0871 | ,0910 | ,0948 | .0987 | .1026 | ,1064 | ,1103 | .1141
0 .1179 .1217 | .1255 | .1293 | .1331 | ,1368 | .1406 | .1443 | .1480 | .1517
0 .1554 .1591 | .1628 | 1664 | ,1700 } ,1736 | .1772 | ,1808 | .1844 | ,1879
0.5 .1915 .1950 | ,1985 | .2019 | ,2054 | .2088 | .2123 | .2157 | .2190 | .2224
0.6 2257 .2291 | .2324 |} .2357 | .2389 | .2422 | .2454 | .2486 | .2517 | .2549
0.7 .2580 .2611 | .2642 | .2673 | 2704 | ,2734 | .2764 | ,2794 | .2823 | .2852
0.8 .2881 .2910 | .2939 | ,2967 | ,2995 | .3023 | .3051 | ,3078 | ,3106 | ,3133
0.9 .3159 .3186 | .3212 | ,3238 | .3264 | .3289 | .3315 | .3340 | .3365 | .3389
1.0 .3413 .3438 | .3461 | .3485 ) .3508 | .,3531 | .3554 | .3577 | .3599 | ,3621
1.1 .3643 .3665 | .3686 | ,3708 | .3729 | .,3749 | .3770 | .3790 | .3810 | .3830
1.2 .3849 .3869 | .3888 | ,3907 | .3925 | .3944 | .3962 | ,3980 | .3997 | .4015
1.3 .4032 .4049 | ,4066 | .4082 | ,4099 | .4115 | .4131 | .4147 | .4162 | ,4177
1.4 .4192 .4207 | ,4222 | .,4236 | .4251 | .4265 | ,4279 | ,4292 | ,4306 | .4319
1.5 .4332 .4345 | ,4357 | .4370 | .4382 | ,4394 | .4406 | .4418 | .4429 | .4441
1.6 .4452 .4463 | .4474 | .4484 | .4495 | .4505 | .4515 | .4525 | .4535 | .4545
1.7 .4554 .4564 | ,4573 | ,4582 | ,4591 | .4599 | .4608 | .4616 | .4625 | .4633
1.8 .4641 .4649 | ,4656 | ,4664 | ,4671 | ,4678 | ,4686 | ,4693 | ,4699 | ,4706
1.9 .4713 L4719 | .4726 | .4732 | ,4738 | .4744 | .4750 | .4756 | .4761 | .4767
2.0 4772 .4778 | .4783 | .4788 | .4793 | .4798 | .4803 | .4808 | .4812 | .4817
2,1 .4821 .4826 | ,4830 | .4834 | .4838 | .4842 | .4846 | ,4850 | .4854 | .4857
2.2 .4861 .4864 | .4868 | ,4871 | .4875 | .4878 | .4881 | .4884 | .4887 | .4890
2.3 .4893 .4896 | .4898 | .4901 | .4904 | .4906 | ,4909 | .4911 | .4913 | .4916
2.4 .4918 .4920 | .4922 | ,4925 | .4927 | .4929 | .4931 | .4932 | ,4934 | .4936
2.5 .4938 .4940 | .4941 | .4943 | ,4945 | .4946 | .4948 | ,4949 | .4951 | .4952
2,6 .4953 .4955 | .4956 | .4957 | .4959 | .4960 | .4961 | ,4962 | .4963 | .4964
2.7 .4965 .4966 | .,4967 | ,4968 | ,4969 | .4970 | .4971 | ,4972 | .4973 | .4974
2.8 .4974 .4975 | .4976 | .4977 | .4977 | .4978 | .4979 | .4979 | .4980 | .4981
2.9 .4981 .4982 | ,4982 | ,4983 | ,4984 | .4984 | .4985 | .4985 | .4986 | .4986
3.0 .4987 .4987 | .4987 | .4988 | ,4988 | .4989 | .4989 | ,4989 | ,4990 | .4990
3.1 .4990 .4991 | .4991 | .4991 | .4992 | .4992 | .4992 | ,4992 | .4993 | .4993
3.2 .4993 .4993 | .4994 | ,4994 | .4994 | .4994 | .4994 | .4995 | .4995 | .4995
3.3 .4995 .4995 | .4995 | .4996 | .4996 | .4996 | .4996 | ,4996 | ,4996 | .4997
3.4 .4997 .4997 | .4997 | .4997 | .4997 | .4997 | .4997 | .4997 | .4997 | ,4998
3.5 .4998 .4998 | ,4998 | ,4998 | .4998 | .4998 | ,4998 | .4998 | .4998 | .4998
3.6 .4998 .4998 | ,4999 | .4999 | .4999 | .4999 | ,4999 | .4999 | .4999 [ ,4999
3.7 .4999 .,4999 | ,4999 | .4999 | .4999 | ,4999 | ,4999 | .4999 | .4999 | ,4999
3.8 .4999 .4999 | ,4999 | .4999 | ,4999 | .4999 | .4999 | .4999 | .4999 [ .,5000
3.9 .5000 .5000 | .5000 | .5000 | .,5000 | ,5000 | .5000 | ,5000 | .5000 | ,5000



MATHEMATICS, VOLUME 3

-3 -2 . 0 | 2 3

Figure 4-4.—Normal curve (z = 0.5).

105 1o 115 120 125 130 135

Figure 4-5.—Normal curve (x = 110 to 125).

We write which corresponds to x equal 125. By use of
table 4-1 find the area from z equal zero to -2
_ 110 - 120 to be 0.4772 and the area from z equal zero to
Z= T +1 to be 0.3413. We then add the areas and find

- .10 0.4772

5
+ 0.3413
= -2 —

0.8185 total area desired

which corresponds to x equal 110. Then,
While we have discussed areas under the
125 - 120 curve, these areas are also the probabilities of
5 occurrence; that is, in the preceding example,
the probability that a single selected value will

_5 fall between 110 and 125 is 0.8185. These
"5 probabilities hold regardless of the value of the

mean or standard deviation as long as the val-
=1 ues form a normal distribution.
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In problems of the previous type, it is advis~
able to draw a rough sketch of the curve to pic-
ture the areas or probabilities desired.

EXAMPLE: With a set of grades which form
a normal distribution and have a mean of 70
and a standard deviation of 6, what is the prob-
ability that a grade selected at random will be
higher than 78?

SOLUTION: Sketch the curve as shown in
figure 4-6. The area or probability we desire
is shaded. We find this probability by finding
the probability of the grades above 70 then sub-~
tracting the probability of the grades from 70
to 78. We write

6
-8
6
= 1.33
In table 4-1
z = 1.33
is
0.4082

and the probability of grades above 70 is

0.5000

, then

0.5000 probability of grades above 70
- 0.4082 probability of grades from 70 to 78
0.0918 probability of grades above 78

Therefore, the probability that the grades se-
lected will be higher than 78 is 0.0918.

POISSON

When we are faced with problems which
have more outcomes than those of a binomial
nature, that is 0 or 1, yes or no, or true or
false, the Poisson distribution may be used.
This distribution is defined with respect to a
unit of measure where there may be several
outcomes within the given unit of measure. It
is used when the number of trials is extremely
large and the probability of success in any trial
is quite small.

The Poisson distribution is useful in quality
control. An example may better explain this
idea.

If we were to inspect boxes of resistors on a
production line we might find 0, 1, 2, or more
defective resistors per box. We could count the
defective resistors but it would be impractical
to count the number of good resistors. In this
case we could use the Poisson distribution to
find the probability of 0, 1, 2, or more defective
resistors in a given box.

The formula for the Poisson probability is

e-m

Pi{x} = where x = 0,1,2,3, ...

x!

52 58 64

70

76 82 88

Figure 4-6.—Normal curve (x = 78).
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X is the number of occurrences per unit, m is
the average or mean of the occurrences per
unit, and e is the base of the natural logarithms.

One requirement of the Poisson formula of
probability is that the number of possible oc-
currences in any unit is large while the proba-
bility of a particular occurrence is small. A
second requirement is that the particular oc-
currences in one unit do not influence the par-
ticular occurrences in another unit. Finally,
the third requirement is that the average or
mean must remain constant.

EXAMPLE: In our example problem sup-
pose that on the average there were 2 defective
resistors per box. What is the probability that
there will be no defective resistors in a given
box ?

SOLUTION: Write

e”M m*
x!

P{x}

then

therefore

P{0} = °

= 0.137

Notice that only the average or mean is a pa-
rameter of the Poisson distribution.

To continue our problem further, the proba-
bility of a random selected box having 3 defec-
tive resistors is

P{3}

62

8

~ 7.29(6)

_8
43.73

0.18

In the example given we have used the for-
mula to determine the probabilities. Tables of
the Poisson probabilities have been determined

oyvia AT e o i me i oo o

to alleviate this laborious process.

EXAMPLE: If on the average one person
entered a store every 5 seconds and persons
entered at random, what is the probability that
in a selected 5-second period of time 3 people
enter the store?

SOLUTION: Write

iy - 2
and
e = 2.7
Xx =3
m =1
therefore
P 3} = e_;!13
_2.1h ()
6
S
2.7(6)
= 0.06

Rather than solve this problem by use of the
formula we could have used table 4-2. The
table is formed with the value of x versus the
value of m. In this problem we would have fol-
lowed x equal 3 down until it fell in the row
where m equals 1 which gives 0.061.
EXAMPLE: If aircraft arrive randomly at a
fianld n tha

Un Vil a
utes,

varaoo nf twn asvoerv fiftaoan mino
velagt 0L WO SVely i1Meen mii=

what is the probability that six aircraft
will arrive in a given quarter-hour ?
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Table 4-2.~-Poisson distribution (partial table).

X

£00 = x!
x 0 1 2 3 4 5 6 7 8 9
m
0.10 | 905 | 090 | 005
0.15 | 861 | 129 | 010
0.20 | 819 | 164 | 016 | 001
0.25 | 779 | 195 | 024 | 002
0.30 | 741 § 222 | 033 | 003
0.40 | 670 | 268 | 054 | 007 | 001
0.50 | 607 | 303 | 076 | o013 | o002
0.60 | 549 | 329 | 099 | 020 | 003
0.70 | 497 | 348 | 122 | 028 | 005 | 001
0.80 | 449 | 359 | 144 | 038 | 008 | 001
0.90 | 407 | 366 | 165 | 049 | 011 | 002
1.00 | 368 | 368 | 184 | 061 | 015 | 003 | 001
1.10 | 333 | 366 | 201 | 074 | 020 | 004 | 001
1.20 | 301 | 361 | 217 | 087 | 026 | 006 | 001
1.30 | 273 | 354 | 230 | 100 | 032 | 008 | 002
1.60 | 247 | 345 | 242 | 113 | 039 | o11 | 003 | 001
1.50 | 223 | 335 | 251 | 126 | 047 | 014 | 004 | 001
1.60 | 202 | 323 ] 258 | 138 | 055 | 018 | 005 | oo1
1.70 | 183 | 311 | 265 | 150 | 063 | 022 | 006 | 001
1.80 | 165 | 298 | 268 | 161 | 072 | 026 | 008 | 002
1.90 | 150 | 284 | 270 | 171 | 081 | 031 | 010 | 003 | 001
2,00 | 135 | 271 | 271 | 180 | 090 | 036 | 012 | 003 | 001
2.10 | 122 | 257 | 270 | 189 | 099 | 042 | 015 | 004 | 001
2.20 | 111 | 244 | 268 | 197 | 108 | 048 | 017 | 005 | 002
2.30 | 100 | 231 | 265 | 203 | 117 | 054 | 021 { 007 | 002
2,40 | 091 | 218 | 261 | 209 | 125 | 060 | 024 | 008 | 002 | 001
2,50 | 082 | 205 | 257 | 214 | 134 | 067 | 028 | 010 | 003 | 0O1
2,60 | 074 | 193 | 251 | 218 | 141 | 074 | 032 | 012 | 004 | 001
SOLUTION: Write probability of a squadron having 4 or more
aircraft grounded for maintenance on a
_ e ™Mm* particular day?
Pl = 7
' SOLUTION: We must find the probabilities
where of x equal 4, 5, 6, ... . By use of table 4-2 we
x =6 find
p{4} = 0.020
m = 2 P{5} = 0.004
then, by use of table 4-2 find that p{6} = 0.001
P{7} = 0.000
P{6} = 0.012 ‘
therefore,
EXAMPLE: A certain type aircraft aver- Pix = 4} = 0.020 + 0.004 + 0.001

ages 1.1 failures per squadron requiring ground
maintenance for every 24 hour day. What is the

63

0.025
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Poisson to Binomial Approximation

The Poisson approximation to the binomial
holds if the value of n is large and the value of
p is small. Generally, if the ratio of n to p is
near 1000 we can use the Poisson to approxi-
mate the binomial; that is, if n is greater than
10 and p is less than 0.01 the ratio of n/p is
1000.

In order to approximate a binomial we set
np equal to m and use the Poisson table. That
is, if we are sampling 50 items which have a
probability of defect of 0.05 on the average, we
write

n = 50
p = 0.05
and
np = m
(50) (0.05) = 2.5

then we may estimate the probability of a num-
ber of defects by using table 4-2. In this case

P{0} = 0.082
P{1} = 0.205
P{2} = 0.257

Normal to Binomial Approximation

When n was large and p was small, the Pois-
son distribution could be used to approximate
the binomial. When n is large and p is neither
small nor large (not close to 1 or 0), we can
use the normal to approximate the binomial.
To use this approximation the product of np
should be equal to or greater than 5; that is, if
n were 20 then

np

200p =5

o
v

%

L

\%

0.25

64

With n equal to 20, p should be 0.25 or greater
in order that the distribution be nearly normal.
Steps in using the approximation are:

1. Let np equal u.

2. Let ¥ npgq equal o.

3. If finding the probabilities of the same
number or less successes add 0.5 to x and if
finding more successes subtract 0.5 from x (this
is due to the binomial being a discrete
distribution).

4. Use the normal table.

EXAMPLE: If the probability of a defective
item is 0.2 and we use a sample of 500 items
from a large population, what is the probability
of 120 or more defective items?

SOLUTION: Write

ko= np
500(0.2)

100

and
v'npq

~'500 (0.2) (0.8)
= V80

8.9

Q
I

Then,

X =4
ag

119.5 - 100
8.9

2.19

Using table 4-1 find that the probability

P{z >2.19} = 0.5000 - 0.4857

0.0143

In this same example, what is the probability of
exactly 120 defective items? Since the proba-
bility of more than 120 defective items in the
binomial distribution is the same as120.5 de-
fective items in the normal distribution we use
x equal 120.5. (Again, this is due to the

binomial being a discrete distribution.) Then
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u = 100 SOLUTION: Write
x = 120.5 LR
-1
o =8.9 P =3
and we write 2
q = 3
z = 120.5 - 100
8.9 and
20.5 p=np
T 8.9
. 1
=15(=
(5)
= 2.3

Using table 4-1 find that

and
P{z > 2.3} = 0.5000 - 0.4893

= 0.0107

o = N npq

. _ , =q/15.1.2

The probability of exactly 120 defective items is ‘3’3
WE
9

P{2.19< z < 2.3} = 0.0143 - 0.0107
= 0.0036

The preceding example is illustrated in figure = 1.825
4-17,
EXAMPLE: If the probability of success in  then

a single try is -;-, what 1s the probability of at
least 6 successes in 15 tries? o

NEN

/
100 119120 121
Figure 4-7.—Normal curve (x = 120.5).
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(where 0.5 is subtracted from x)

6-05-5
1.825
_99-3
- 1.825
)
1.825
0.27

0}

and by use of table 4-1 find that

0.5000 - 0.1064
0.3936

P{z >0.27;

i}

INTERPRETATION OF STANDARD
DEVIATION

We have discussed distribution and how spe-
cial cases may approximate the normal distri-
bution. When a normal distribution is deter-
mined the standard deviation () enables us to
determine characteristics of the distribution,
It has been found that 99.7 percent of all items
of a normal distribution fall within three stand-
ard deviations of the mean.

In table 4-3 the f column is the fractional
part of the standard deviation and the A column
is the area under the normal curve for + the
fractional part indicated. That is, the area
under the normal curve which falls within
+1.3 0 is 0.807 or 80.7 percent.

Table 4-3.~Values for + standard deviations.

f A f A
0.1 0.080 1.6 0.891
0.2 0.159 1.7 0.911
0.3 0.236 1.8 0.928
0.4 0.311 1.9 0.943
0.5 0.383 2.0 0.955
0.6 0.451 2.1 0.964
0.7 0.516 2.2 0.972
0.8 0.576 2.3 0.979
0.9 0.632 2.4 0.984
1.0 0.683 2.5 0.988
1.1 0.729 2.6 0.991
1.2 0.770 2.7 0.993
1.3 0.807 2.8 0.995
1.4 0.838 2.9 0.996
1.5 0.866 3.0 0.997
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In a set of data which is normally distributed
and has a mean of 78 and a standard deviation
of 6; that is,

=8

|

and
o =26

the area under the curve between +0.5 ¢ and
-0.5 0 is 0.383. This means that 38.3 percent
of the data will fall within the range of

X+050and X-0.50
or within
78 + 0.5(6) and 78 - 0.5(6)
which is

81 and 75

STANDARD SCORES

In many cases it is necessary to combine
scores or achievement ratings from different
tests into a single grade or rating. To combine
raw scores from different tests is not statis-
tically sound unless the means and standard
deviations of the different tests are the same.
The probability of this occurring is quite small;
therefore, we resort to the standard score.

When we change raw scores into standard
scores, we assume the raw scores form a nor-
mal distribution. The standard scores are
expressed in standard deviations with a mean
of zero and a standard deviation of one.

Standard scores may be added and averaged
with equal weight given to each different score.
As an example, we may desire an overall merit
rating of persons who were given several tests.
While some would score high in a particular
field they may score low in others and further-
more, the difficulty of one test may vary from
the difficulty of another. What we desire is a
rating for each area tested in a form that can
be compared with ratings of other areas tested.
For this we use the standard score.
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The standard score, for a particular test,
is determined by the formula

Raw Score - Mean
Standard Deviation

Standard Score

X-X
S

EXAMPLE: If the raw scores on an exami-
nation were 68, 70, 73, 76, 81, 90, and 95, con~
vert these to standard scores.

SOLUTION: We must find X and s. Write
o X
T - i
x-) %
i=1
- 553
7
= 79
and
] n
_ 1 - % 2
s=/m), & - %
i=1
1
=1/ = (628
1% 6( )
= v'104.66
= 10.23
Then write
- X ~-X Standard
x x-x s Score
95 16 16 +10.23 1.56
90 11 11 +10.23 1.07
81 2 2 +10.23 0.19
76 ~3 -3 +10.23 -0.29
13 -6 -6 +10.23 -0.58
70 -9 -9 +10.23 0.87
68 -11 -11 +10.23 -1.07

The positive standard scores indicate that
factor of standard deviations above the mean of
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the raw scores and negative scores indicate
that factor of standard deviations below the
mean of the raw scores.

If a person, on five different tests, had
standard scores of +1.32, -0.93, +2.03, +0.20,
and -1.20, his average standard score would be

+1.32
-0.93
+2.03
+0.20
-1.20

+1.43 + 5

or

which indicates anachievement of 0.28 standard
deviations above the mean.

When standard scores with a standard devi-
ation of one and a mean of zero are determined
they involve the use of positive and negative
decimals. To eliminate the use of negative
scores and decimals a linear transformation
may be made by the use of a greater mean and
a greater standard deviation.

An example of this type transformation is
made on the Graduate Record Examination.
The scores on the G.R.E. are expressed using
a standard deviation of 100 and a mean of 500.

To change a standard score to a corrected
standard score with a mean of 500 and a stand-
ard deviation of 100 write

X-X

Standard Score = (sc) +X,
where
s, = new standard deviation
(100 in our case)
and
X, = new mean

(500 in our case)

Therefore, if the standard score is 0.6 then the
corrected standard score is
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0.6 (oc) + ic

H

0.6 (100) + 500

60 + 500

= 560

EXAMPLE: Change the standard score of
-1.3 to a distribution with a mean of 500 and a
standard deviation of 100.

SOLUTION: Write

Standard Score (S.S.) = -1.3
o = 100
C
X = 500

C

then the corrected standard score is

-1.3 (100) + 500

-130 + 500
370

PROBLEMS: Find the corrected standard
score in the distribution indicated of the given
standard scores.

1. 1.3 in distribution with ic = 50 and
o =10,
[+]

2. -2.4 in distribution with ic = 50 and
g =10,
c

3. -0.3 in distribution with J‘(C = 100 and
0, = 20.

ANSWERS:

1. 63

2. 28

3. 94

SAMPLING

When sampling a population one should be
careful not to allow any preventable bias from
becoming part of the sample data.

If a sample of the population were being taken
to determine the average height of 16-year-old
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boys a bias would be introduced if the sample
came from basketball players because they
would probably be the tallest boys in the popu-
lation. Bias in a sample will cause the pre-
dicted results to be in error.

A classic example of bias in a sample was
encountered in the Literary Digest poll con-
ducted in 1936 which resulted in the prediction
that Landon would be elected President. Roose-
velt was elected and upon investigation of the
methods of sampling it was found that the sam-
ple was taken from persons who had a telephone
and from those who had an automobile. This
resulted in only a certain income group being
polled which introduced a bias.

In order to select a random sample which
will have little bias, the conscious selection of
sample must not enter into the selection proc-
ess. The use of a table of random numbers will
aid in the removal of bias from the sample.

One use of a sample is to make a prediction
about the population. It is known that the means
of samples follow the normal distribution even
though the population may vary somewhat from
a normal distribution. Our predictions, from a
sample, about the population are made with a
certain level of confidence. The standard error
of the mean allows us to give a level of confi-
dence concerning the sample mean.

The standard error of the mean is

where N is the number in the sample and ¢ is
the standard deviation. Since the sample means
follow the normal distribution curve we may
use table 4-1. Note that N should be greater
than 25.

We have previously determined that X+ 1o
contains about 68 percent of the items. We de-
termine this from table 4-1 by finding 1.0 and
reading .3413. Our table gives only the positive
values above the mean; therefore, we double
this figure (because of symmetry) and find

.3413
.3413

.6826 or 68 percent

When we speak of some level of confidence,
such as 5 percent, we mean there is less than a
5 percent chance that the sample mean will
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differ from the population mean by some given
amount.

We will use anexample to illustrate the pre-
ceding statements. If we desired to find the
average height of 16-year-old boys in a certain
city we could select at random 36 boys and
measure their heights. From the data collected
suppose we find that X = 66 inches and o0 = 2
inches. Our problem now is to estimate the
mean and standard deviation of the population.
The standard error of the mean is

We may now state that there is a .68 probabil-
ity that the population mean is within the range
of

X+ loi
or
66 = (1)(.3)
or
66.3 and 65.7

Our level of confidence is 32 percent which
means that there is less than 32 percent chance
that the sample mean differs from the true
meanby X + 1o, .

If we increase the size of the sample we will
obtain a smaller range for our confidence level
of 32 percent, Suppose we increase our sample
from 36 to 100. Then

X = 66

o =2

and

= 0.2

and we now have a .68 probability that the pop-
ulation mean is within the range of

X t 10;
or
66 = (1)(.2)
or
66.2 and 65.8
as compared to
66.3 and 65.7

when our sample number was 36.

In the preceding discussion it must be un-
derstood that the population should be large
compared to the sample size.

EXAMPLE: Given a sample where X = 70
and 0 =4 and N = 100 find the range about the
mean which gives a 5 percent confidence level.

SOLUTION: We want a .95 probability that
the true mean will be within a range to be de-
termined.

Write

%
]

-3
(=}

and

2)
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We desire .95 probability; therefore, we divide
by 2 because our table values are for one-half
the total area.

.95
=— = 475
3 47

and find in table 4-1 that .475 is given for a
factor of o of 1.96.
Then, the range we desire is

Xt 1.960_
X

or
70 = 1.96 (.4)
which is
70 + .784
or

70.784 and 69.216

70

Thus, the probability is .95 that the true mean
lies in the range

70.784 and 69.216

PROBLEM: A random sample of forty re-
sistors from an extremely large supply reveals
a mean resistance of 1000 ohms and a standard
deviation of 5 ohms. Find the standard error
of the mean. What is the range about the mean
of the sample which will give a .90 probability
that the true resistance value of all the resis-
tors will fall within it?

ANSWER:

(a) o= = .8

X

(b) 1000 + 1.32 or 1001.32 and 998.68



CHAPTER 5
NUMBER SYSTEMS

A number system is a set of symbols or
characters which stand for numbers and are
used for counting, adding, subtracting, etc. All
number systems are related to each other by
means of symbols, referred to as digits, al-
though some number systems do not contain all
of the same digits of another system. The
decimal system will be used as a basis for our
discussion of the other number systems.

Two important discoveries have been made
since ancient times which greatly simplify the
operations of numbers. These are the numeral
zero and the principle of place value. The
principle of place value consists of giving a
numeral a value that depends on its position in
the entire number. For example, in the num-
bers 463, 643, and 364, the 4 has a different
value in each by virtue of its position or place
value. In the first number it means 4 hundreds,
in the second number it means 4 tens, and in
the last number it means 4 ones. The zero is
used in cases where a number does not have a
value for a particular place value; that is, in
the number 306 there is no value for tens and
the 0 indicates this., We say it is used as a
place holder. It would be difficult to express
the number three hundred six without using the
zero.

We will discuss systems of numbers, basic
operations in these systems, and the processes
used to convert from one system to another
system.

SYSTEMS

Systems of numbers are identified by their
radix or base. The base of a number system is
a number indicating how many characters or
symbols it possesses, including zero. In the
Hindu-Arabic system, the system we use and
call the decimal system, there are ten symbols
or digits. These are 0, 1, 2, 3, 4, 5, 6, 7, 8,
and 9. The proper names along with their
corresponding bases for several of the differ-
ent systems are listed as follows:
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Base Name
2 Binary
3 Ternary
4 Quaternary
5 Quinary
6 Senary
7 Septenary
8 Octanary (Octal)
9 Novenary
10 Decimal
12 Duodecimal
16 Sexadecimal (Hexadecimal)
20 Vicenary (Vigesimal)
60 Sexagesimal

DECIMAL SYSTEM

When we count in base ten, or in the decimal
system, we begin with 0 and count through 9.
When we reach 9 and attempt to count one more
unit, we rely on place value; that is, we say 9
and one more is ten. We show this by writing

10

which in place value notation means one group
of ten and no groups of one. While we have a
proper name for 10, we could call this "one-
zero' in base ten.

The place value chart for base ten is formed
by writing the base in columns and then assign-
ing exponents to the base of each column in
ascending order fromthe right to the left start-
ing with zero; that is,

10* @10® (@10* (@0! (10°

The column with value (10)° is the column to
the left of the decimal point. When we write a
number in base ten, we do not use a subscript,
whereas in other bases we do make the identi-
fication of the base by the subscript. In the
number 3762, in the place value columns we
have
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(10 | 102 | 10! | (10)°

3 7 6 2

which peans 3 groups of (10)3 orl3000 7 groups
of (10)° or 700, 6 groups of (10) or 60, and 2
groups of (10)0 or 2. Recall that any number
raised to the zero power is equal to one. The
previous number may be written in polynomial
form as

3(10) + 7(10)% + 6(10)! + 2(10)°

In general, then, if B is the base of a system
the place value columns are as follows:
B®> B? B3 B2 B! B - B! B?

although we will discuss only the values of a
base for B and larger; that is, the whole num-
bers and not fractions.

QUINARY SYSTEM

When counting in the base five (Quinary)
system, we must limit ourselves to the use of
only the digits in the system. These digits are
0, 1 2, 3, and 4. If we start counting with zero,
we have
05, 15, 25, 35,45, 10, 11,

12,, 13, 14, 20, .

We identify our system by the subscript of 5.
Therefore,

10,

is really, in place value columns,

52 | sl | 50

which means one group of 5 and no groups of 1.
Counting is shown as
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52 1 sl | 590
0

1

2

3

4

1 0

1 1

1 2

1 3

1 4

2 0

2 1

2 2

2 3

2 4

SR NN

The number 3425 means 3 groups of 52 plus 4
groups of 51 plus 2 groups of 50, In place value
notation it is

52| sl | 50

BINARY SYSTEM

The only digits in the binary system are 0
and 1. We form the place value columns by
starting at the radix, or binary, point (analo-
gous to ""decimal point'") and assign the base (2)
the exponent of 0. Then, moving to the left, we
increase the exponent by one for each place
value column; that is, each column to the left is

a multiple of the one on the right. We write



.27 26 25 24 23 22 21 20

When we count in base 2, we start with zero and
proceed as follows:

221 2b ] 20

0

1

1 0

1 1

1 0 0

1 0 1
Ladelel

Notice that the last number counted,
1102, is one group of 22, one group o

».n
[\~
-

1(2)2 + 1(2)1 + 0(2)°

In a binary number, each digit has a partic-
ular power of the base associated with it. This
pUWEI UI Llle UdSe lb Laueu me pC)SlLlOﬁal l'l()(d.'
tion. This is sometimes called the weighting
value and depends upon the position of its digit.
In the number 1019 the weighting value of the
leftmost digit is (2)2. Notice that the weighting
value of any digit is the base ralsed to a power
which is equal to the number of digits to the
right of the digit being discussed. That is, in
the number 101101,, the leftmost digit has five
digits to its right;therefore, the weighting value
of the leftmost digit is (2) This weighting
value is also called the position coefficient.

OCTAL SYSTEM
In the octal system the digits are 0, 1, 2, 3,
4, 5, 6, and 7. The place value columns, indi-
cated by the weighting values, are
.85 84 83 82 81 80

The number 2307; means 2 groups of 83, 3
groups of 82,0 groups of 81, and 7 groups of 80,
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Counting in base eight is as follows:

- O

—
N = O A L R W N

—

—
(]

Notice that after 73 we write 10g which is read
""one-zero' and not "ten."
The number 23075 in polynomial form is

2(8)° + 3(8)% + 0(8)* + 7(8)°
In general we may express a number as
a ™!+

where a is any digit in the number system, r
is the radix or base, and n is the number of
digits to the left of the radix or base point. (In
the decimal system the radix point is the deci-
mal point.) Again, the number 23074 is

a, )24 ay(r)" "

ay(r)" 1+ 2p()" 2 + ag(r)"% + 2yt
or
2(8)° + 3(8)2 + 0(8)! + 7(8)°
where
n=4¢4
r =28
a; = 2
3.2 =3
3.3 =0
ag =1



DUODECIMAL SYSTEM

In the duodecimal (base 12) system we must
create two new symbols. These symbols are
needed because as we count in base 12; that is,

Q=IO UL —~=O

we find we cannot write the next number as 10
becausc this would indicate one group of twelve
and no groups of one and we have not counted
that high. We therefore write

D e+ WO ~J ..

where t indicates ten and e indicates eleven in
the counting process familiar to us. To count
further we write

e~ O
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where 12 means one group of (12)1 and two
groups of (12)%. The number 1t means one
group of (12)! and ten groups of (12)°. The
place value columns for base twelve are:

(12 (127 (127 (12! (12)°
The number 2t8e6,5 is
2012)* + t(12)" + 9(12)° + e(12)! + 6(12)°
HEXADECIMAL SYSTEM

This system has a base of sixteen;therefore,
we need sixteen different symbols. The sym-
bols we use are 0, 1, 2, 3, 4,5, 6, 7, 8, 9, A, B,
C,D, E,and F.

The number 9A6F;; means

9(16)° + A(16)° +6(16)' + F(16)°

In this system A is our familiar ten and F is
fifteen. Note that the symbol 10;¢ is not 'ten"
but instead means "'sixteen." The number sys-
tems discussed tc this point may be compared
by use of figure 5-1. In this table assume you
are counting objects in each of the systems.
Notice that when our count reaches object num-
ber eleven in base ten, this object is identified
by 10112, 215, 138: €19, and BIG in the various
bases.

OPERATIONS

The operations we will discuss, for various
bases, will be the basic arithmetic operations
of addition, subtraction, multiplication, and di-
vision. Ease in performing these operations
will facilitate ease of understanding conversions
from one base to another base which will be
discussed later in this chapter.

ADDITION

In general, the rules of arithmetic apply to
any number system. Each system has a unique
digit addition and digit multiplication table.
These tables will be discussed witheach system.

Decimal

Addition facts in base ten are shown in fig-
ure 5-2. The sign of operation is given in the
upper left corner. The addends are indicated
by row A and column B. The sums are shown
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S |10 2] s| 812116
(4
Rl
gl o ol of of of o
3
w
g |1 A I A I B (R O B ¢
o
z
51 2 w]| 2| 2| 2} 2
o
l 3 1| 3| 3| 3] 3
4 100§ 41 41 4} &
l 5 101 f10] 5] s} 5
6 1m0 | 11| 6] 6| 6
7 m fz | o7 7| o7
8 1000 [ 13 ] 10| 8 8
9| 1001 |14 |11 | 9f 9
10 w10 )20 |12 ] a
o ] e B
12 | 1100 221410 ¢
13 ( 1101 [ 23 (15 )11 | D
14 | 1110 | 24 | 16 12| E
15| 1111 [ 30|17 ]13] F
16 | 10000 | 31 | 20 | 14 | 10
17 [ 10001 | 32 | 21 |15 | 12
18 | 10010 | 33 | 22 | 16 | 12

Figure 5-1.—Number bases.

in the array C. To find the sum C of A + B lo-
cate the addends A and B. The sum C will be
located where A and B intersect. The commu-
tative principle causes the table to be symmet-
rical with respect to the diagonal with a nega-
tive slope. This is shown by the dotted line.

Quinary

Quinary addition facts are shown in figure
5-3. The table is symmetrical as was the deci-
mal table. In adding 35 and 4; one should men-
tally add these and find the sum of 7. There is
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no symbol of 7 in base five, but one group of
five and two groups of one will indicate this
sum. That is,

45
+ 35
1 25
where 12 is really
5! 5
1 2 5

In the decimal system a carry of ten is made,
but in the auinarv svstem a carrv of five is
but in the quinar y system a carry of five 1s
made.

EXAMPLE: Add 324; and 433;.

SOLUTION: Write

3245

Then, 45 plus 35 is 12 therefore, write

3244
25

with a carry of one group of five.
Then, 25 plus 35 is 105 and the carry brings
the total to 11; so we write

[

24
33
125

> W

-+

(2]

with a carry of one group of (5)2. This gives
35 plus 45 equals 125 and the carry of one
brings the total to 135. Therefore, we have

324

13124
EXAMPLE: Add 30425 and 4323;.
SOLUTION: Write
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+do 1 2 3 4 s & 7 8 9 } A
ofow_1 2 3 4 5 6 7 8 9|
11 2o 3 4 5 6 7 8 9 10
24 2 3 "S4_ 5 6 7 8 g 10 11
3 3 4 5 T6._ 7 8 9 10 11 12
44 4 5 6 7 78,9 10 11 12 13 |5 C
sf s 6 7 8 9 "0 11 12 13 14
6 6 7 8 9 10 11 T~12_ 13 14 15
717 8 9 10 11 12 13 T14_ 15 16
gl 8 9 10 11 12 13 14 15 16 17
9§ 9 10 11 12 13 14 15 16 17 18 |)
=
B
Figure 5-2.—Decimal addition.
+flo 1 2 30 4 } A 0
y 3042
oflo. 1 2 3 & )
\\\ + 43235
11 2 3 4 10 420
\\\ & c 5
22 3 N4 10 1
N 30425
3fls 4 10 11 12 oan
\\ L + 43235
4yl 4 10 11 12 ™3 TTodon
i 124205
B

Figure 5-3.—=Quinary addition.

3042,
+ 43235

Then, in steps, with the carry indicated, we
have

1
3042,

+ 4323,

76

This process is quite satisfactory until we try
to add, in base five, the following (omit sub-
scripts for simplicity):

44
43
24
34
24
33
23
+ 13

We add the 5Y column and find we have a sum
of 28 or 1035. (1035 may be found by counting
28 objects.) Our problem is, what do we carry?
In this case we carry 105 which is 5. Then the
next column sum is 26 which is 1015. There-
fore, we write the sum as

1013,
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PROBLEMS:
numbers.

Add the following base five

1. 302

+ 443

2, 40321
+ 43444

3. 434
424
143
344
204
432
443

+ 342

ANSWERS:
1. 13004
2. 134320
3. 110414

Binary

Binary addition facts are shown in figure
5-4. Notice that a binary digit has only two
possible values, 0 and 1. A carry of two is
involved in binary addition. That is, when we
add one and one the sum is two, but we have no
two so we write 10, which indicates one group
of (2)! and no group of one.

EXAMPLE: Add 1011, and 1101,.

SOLUTION: Write

1011,
+ 11012

Then, one and one are two, but "two' is

10,

(i

Figure 5-4.—Binary addition.

S0 we write

1
1011,

+ 1101,
0
and carry a one. The following steps, with the
carry indicated, show the completion of our
addition.

1
1011,

+ 1101,

0o

1011,
+ 1101,

00,

1
1011,

+ 1101,
000,
1011,
+ 1101,

11000,

Notice in the last step we added three ones
which total three, and "three'" is written as
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EXAMPLE: Add 1115, 1015, and 11,. ANSWERS:
SOLUTION: Write
1. 1000,
1
iii, 2. 1111,
101, 3. 1100,
+ 11,
Octal
1y
The octal system has the digits 0, 1, 2, 3, 4,
1 5, 6, and 7. When an addition carry is made,
the carry is eight. The addition facts are shown
111, in figure 5-5
gure .
101,
+ 11,
" +fo 1 2 3 4 5 6 7 A
112
off o 1 2 34 5 6 7
11 ~2. 3 4 5 6 7 10
111, 2 ) 2 3 Tr4_05 6 7 10 11
33 4 5 T6_ 7 10 11 12 C
101, 4 4 5 6 7 T1o_ 11 12 13
sy s 6 7 10 11 T12_ 13 14
+ 11, 66 7 10 11 12 137 -14_ 15
747 10 11 12 13 14 15 16 U
1111, po—

w

We may verify this by writing Figure 5-5,—Octal addition

When we add 73 and 6g we have a sum of
+ 115 = 3 thirteen but thirteen in base eight is one group
- of eight and five groups of one. We write

15
and 15 in base two is 1111,. Tg
PROBLEMS: Add the following base two + 68
numbers.
1. 11 15g
+ 101 EXAMPLE: Add 765g and 675g.
SOLUTION: Write
2. 101 1
7658
+ 1010 + 675,
3. 11 2g
11 1
7654
1 + 675,
+ 11 62,

78
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7654
+ 6754

16624

PROBLEMS: Add the following octal num-
bers.

we find the sum is twenty and twenty is written
as one group of twelve and eight groups of one;
that is,

912
+ €19

1845

1. 332 EXAMPLE: Add 8te2;, and 9ed;s.
SOLUTION: Write
+ 436
8t9212
2. 703 + 9e4y,
+ 6717 612
3. 4562 1
8te2,,
41
ANSWERS: t6,,
1. 7704 1
8te2
2. 1602 12
+ 9e412
3. 143234 —_—
8t6,,
Duodecimal
" 8t8212
The addition facts for the base twelve sys-
tem are shown in figure 5-6. The t equals ten + Yedpy
and the e equals eleven. When a carry is made —_—
the carry is twelve. When we add 915 and eqg 98t6,
+ " 0 1 2 3 4 5 6 7 8 9 t e A
oflo 1 2 3 4 5 6 7 8 9 t e ‘
111 ~2_ 3 4 5 6 7 8 9 t e 10
24 2 3 N4 05 6 7 8 9 t e 10 11
3 3 4 5 ~6_ 7 8 9 t e 10 11 12
Gl 4 5 6 7 °8_ 9 t e 10 11 12 13
sls 6 7 8 9 St_ e 10 11 12 13 14]p €
6| 6 7 8 9 t e 10 11 12 13 14 15
77 8 9 t e 10 11 120 13 14 15 16
glff 8 9 t e 10 11 12 13 T14_ 15 16 17
9|l 9 t e 10 11 12 13 14 15 16 17 18
tfl ¢t e 10 11 12 13 14 15 16 17 ~18_ 19
efle 10 112 22 13 14 15 16 17 18 19 1t |J
—
B

Figure 5-6.—Duodecimal addition.
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PROBLEMS: Add the following duodecimal 2, 192e12
numbers.
3. 18937,
1. t
Hexadecimal
re The hexadecimal or base sixteen system
addition facts are shown in figure 5-7. There
2. ot6 are sixteen symbols needed; therefore, the
letters A, B, C, D, E, and F are used for digits
+ e45 greater than 9. Inadditioninthis system groups
of sixteen are carried.
3 Tt EXAMPLE: Add 3A9;4 and E86¢.
- te SOLUTION; Write
+ 9979 0
3A9,,
ANSWERS: + EB86,,
1. 199 Fie
sfofafz2]s]a]s]el7[s]o]als]c]o[efr]a
0 ‘o\ 1 2 3 4 5 6 7 8 9 A B o D E 7l
1l 2 3 4 5 6 7 8 9 A B o D E F |10
2 |2 3|4 5 6 7 8 9 A B C D E F|]10 |11
sft3 e s |6l 718 |9|a|ls|c|p| e Fliw]1 |1
sfle [ slef7 89 |alB|c|o|E| r|10]u]12]13
sifs e |78 9 ™als|c|o|e | rliwo|lir]iz]|i13 |1
~ Y
6lle | 7 18| olalasl~]|p|e|r|w|m]{i2]]|i]ls
71 7 8 9 A B c D | E Fl1o J12 ] 12| 13] 14 ] 15 |16
8 || 8 9 A B C D E F \10\ 11 12 {13 | 14 ) 15| 16 |17
AN
9 || 9 A B o D E F |10 |11 {12 |13 | 14| 15| 16 | 17 |18
alla s |c|o|e]rfwofu 12|13 [fis]|16]17]18 10
~
B || B Cc D E F |10 |11 [12 13 |14 |15 | 16| 17 | 18 | 19 | 1a
c|lc D E F |10 |11 f12 |13 |14 |15 |16 | 17 \18\ 19 | 1A | 1B
D |lD E F |10 {11 [12 |13 |14 J15 |16 |17 | 18 | 19 \lA\ 1B | 1C
~N
E||E F (10 |11 [12 (13 [14 |15 f16 |17 |18 [ 19 | 1A | 1B | 1C_| 1D
AY
FIF (20 {21 |12 |13 |14 {15 |16 |17 |18 ]19 | 1o} 1B} 1c | 1D 1E_|
—=
B

Figure 5-7.—Hexadecimal addition.
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1
3A94

+ E8616
2F16
3A916

+ E8616

122F 4

EXAMPLE: Add BC2;4 and EFA ;.
SOLUTION: Write

0
BC2y4

+ EFAIG

Cis

1
BC2 4

+ EFA ¢
BC2;4
+ EFA16

1ABC 4

PROBLEMS: Add the following hexadecimal
numbers.

1. 9A6
+ B84
2. ABC
+ EF9
3. 8TA2
+ FI9EC
ANSWERS:
1. 152A44

81

3. 1818E,q
SUBTRACTION

Subtraction in any number system is per-
formed in the same manner as in the decimal
system. In the process of addition we were
faced with the "carry," and in subtraction we
are faced with '""borrowing."

Since the process of subtraction is the op-
posite of addition, we may use the addition
tables for subtraction facts for the various
bases discussed previously.

Decimal

Figure 5-2 is the addition table for the deci-
mal system. Since this table indicates that

A+B=2C

we may use this table for subtraction facts by
writing

A+B=2C
then

C-A=B
or

C-B=A

To subtract 8 from 15, find 8 in either the A
row or B column. Find where this row or col-
umn intersects with a value of 15 for C, then
move to the remaining row or column to find
the remainder.

This problem, when written in the familiar
form of

15 minuend

- 8 subtrahend

7 remainder

requires the use of the '‘borrow"; that is, when
we try to subtract 8 from 5 to obtain a positive
remainder, we cannot accomplish this. We
borrow the 1 which is really one group of ten.
Then, one group of ten and 5 groups of one
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equals 15 groups of one. Then, 15 groups less
8 groups gives the 7 remainder, While this
may seem trivial, it nevertheless points out the
process used in all number bases. This proc-
ess'may become confusing, when the base is
something other than the familiar decimal base.

Quinary

Figure 5-3 may be used in quinary subtrac-
tion in the same manner as figure 5-2 was used
in decimal subtraction; that is, 45 from 125 is
35. To find this difference locate 4 in the A
row, move down to 125 in the C array, then
across to 3 in the B column, In the familiar
form of

125
- 45

35

B

we find we must borrow the 1 from the left
place value. This 1 is really one group of 3,
therefore one group of 5 added to 2 is 7 and 4
from 7 is 3.

Notice that we solve the previous problem
by thinking in base ten but writing in base five.
This is permissible because the previous prob-
lem may be shown as follows:

15! + 2(5)" - 4(5)"

1(4 + 1) + 2(1) - 4(1)

=4+1+2-4
=4-4+1+2
=0+1+2
=3

where all numbers are in base five.
EXAMPLE: Subtract 435 from 431;.
SOLUTION: Write

431,
- 43—

D

82

Thinking in decimal notation, we borrow 1group
of five from the 3 groups of five and write

25
4315
- 43,

3

and then borrow 1 group of (5)° from the 4
groups of (5)° which gives

355

§1215

>

and we write

55
321,

- 43
D

333

Notice that in the indicated "borrow' we
write the numeral which indicates the base.
This is for explanation purposes only, there is
really no numeral 5 in base five. This holds
for the following indicated "borrowing™ process
in the other bases.

PROBLEMS: Find the remainder in the fol-
lowing.

1. 23,
- 4 5
2. 432,
)
- 344,
3. 4032,
- 343,
ANSWERS:
1. 14,
)
2. 33,
3. 31345
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Binary

When subtracting in base two, the addition
table in figure 5-4 is used. To subtract 1,
from 10, the borrow of two is used. That is,

10,
- 12

is one group of (2)1 and no group of (2)0 minus
one group of (2)°. Thinking in base ten, this is
2 minus 1 which is 1. This may be verified by
using figure 5-4.
EXAMPLE: Subtract 11, from 101,.
SOLUTION: Write

101,
- 11,

Then, 1 from 1 is 0 and write

101,
- 11,

)

Now, borrow the left hand 1 which has the value
two when moved to the next column to the right.
1 from 2 is 1, and

2
101,
- 11

10,

PROBLEMS: Perform the indicated opera-
tion in the following.

1. 11,
- 1

2. 1011,
- 101,

3. 1000,
- 101,

83

ANSWERS:
1. 10,
2. 110,

3. 11,

Octal

Figure 5-5 contains the octal subtraction

facts in that

C-B=A

or

C-A=8B

EXAMPLE: Find the remainder when 64 is
subtracted from 13g.

SOLUTION: I, in figure 5-5,

C = 134

and
B = 64

then
C-B=A
13g - 6g = 54

EXAMPLE: Subtract 3264 from 432;.
SOLUTION: Write
432 8
- 3264

then, borrow one group of eight from the 3
which gives eight plus two equals ten. Six from
ten is four. Write

28
432,
- 3264

4g

and then
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8
422,

- 3264

104,

PROBLEMS: Find the remainder in the fol-
lowing.

1. 6378
- 2264
2. 32068
- 27374
3. 40063
- 17674
ANSWERS:
1. 411y
2. 247
3. 20174
Duodecimal

Through the use of figure 5-6 we find that
13,, minus 9,5 is 65. This may be explained
by writing

13,
- 95

<

We borrow one group of twelve and add it to the
three groups of one to obtain fifteen. Then,
nine from fifteen is six. Therefore,

1312 - 912 = 612

Here, as before, we think in base ten and write
in the base being used.

EXAMPLE: Subtract 2e9,, from t64,,
SOLUTION: Write

t6412
- 2e912

84

Borrow one group of twelve and add it to four
to obtain sixteen. Then nine from sixteen is
seven. Write

5 12
112

Then, borrow one group from t, the (12)2 col-
umn, and add it to the five groups of (12) to
obtam seventeen groups of (12)! minus e grougs

of (12)! for a remainder of six groups of (12)
Write
9 12 12
£ 5 4y
-2 e 912
6 T2

then, 2,5 from 97, is 7y», therefore,

9 12 12
£ 5 4
-2 e 99
7T 6 T4
PROBLEMS: Find the remainder in the fol-
lowing.
1. 96e |,
- 25t
2. 6t9,,
- 37eyo
3. e76,5
- Oteys
ANSWERS:
1. 71159
2. 32ty9
3. 18745
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Hexadecimal

In figure 5-7 we use the symbols o (Alpha),
3 (Beta), and ¥ (Gamma) in place of A, B, and C
for the row, column, and array, because A, B,
and C are used as symbols in the hexadecimal
system. If

a+3=Y
then

Y-3=q«
and

y-a =8

Subtraction in this system is the same as in the
other systems previously discussed except a
borrow of sixteen is made when required.
EXAMPLE: Find the remainder when 39E;
is subtracted from 9C6,g.
SOLUTION: Write

9Cs
- 39E,

Then, borrow one group of sixteen from C and
add it to six to obtain twenty-two. E (fourteen)
from twenty-two is eight. Write

B 16

9 ¢ 6y
-3 9 Egq
816

Then, nine from B (eleven) is two, therefore

16
9 B 6
-3 9 Egq
2 8y

and nine minus three is six, then

16
9 B 6
6 2 8

85

PROBLEMS: Find the remainder in the fol-
lowing.

1. 6F3,

- 26A4
2. 70Cyq

- 3FDyq
3. DEF,q

- ABCyg
ANSWERS:
1. 4894
2. 30Fq
3. 33334

Subtraction By Complements

Digital computers are generally unable to
perform subtraction in the manner previously
discussed because the process of borrowing
is inconvenient and expensive to mechanize.
Therefore, the process of addition of comple-
ments is used in place of subtraction. By com-
plement we mean the number or quantity re-
quired to fill or complete something in respect
to a known reference.

The nines complement of a decimal number
is that number which, when added to an original
number, will yield nines in each place value
column of the original number;that is, the nines
complement of 32 is 67 because when 67 is
added to 32 the sum is 99.

If we now add one to the nines complement
of 32, that is,

67
+ 1

68

we have the tens complement of 32. Notice that
if we add a number (32) and its tens comple-
ment (68) we have a sum of 100. Therefore, we
define the tens complement of a number as that
number which, when added to the original
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number, yields a 1 inthe next higher place value
column thanthe highest contained in the original
number. This 1 is followed by zeros inall other
place value columns. The tens complement of
39 is

100 - 39 = 61

Notice that the tens complement is in reference
to a power of ten equal to the number of place

value columns in the original number. This
may be shown as follows:
Number — Tens Complement  Reference
8 2 10!
36 64 10°
704 296 107
Rather than subtract the subtrahend from

the minuend we may add the tens complement
of the subtrahend (found with reference to the
power of ten onc place value higher than either
the subtrahend or minuend) to the minuend and
then decrease this sum by the reference power
of ten used. A step-by-step process is shown
to explain the preceding statement.

EXAMPLE: Subtract 26 from 49 using com-
plements.

SOLUTION: Write

49
- 26

The complement of 26 is 74:
100 - 26 = 74
This mav be rearranged as
100 - 74 = 26
Now, instead of writing

49 - 26
write

49 - (100 - 74)

= 49 - 100 + 74
= 48 + 74 - 100
= 23

86

This indicates that the minuend (49) plus the
tens complement (74) of the subtrahend are
added, then the reference power of ten used
(100) is subtracted to give the difference of (23).
Notice that we could write

49
- 26
equals
49
+ T4 - 100
123 - 100
= 23

We had only to drop the digit (1) found in the
left place value column higher than the highest
place value column of the subtrahend. Gener-
ally, this digit (1), which is developed, indicates
that the difference (23) is a positive value.

EXAMPLE: Subtract 36 from 429 using
complements.

SOLUTION: Write

429 minuend
- 36 subtrahend
then
429 minuend
+ 964 tens complement of subtrahend
with reference to 103
1393

Now, rather than drop the 1 in 1393 change it
to + which indicates a positive answer of 393.

The procedure for subtracting a larger num-
ber from a smaller number is slightly different
from the previous example. The 1 developed
previously will not be developed and a zero will
replace the 1. The zero indicates a negative
value but the apparent difference is the com-
plement of the true remainder. This is shown
in the following example.

EXAMPLE: Subtract 362 from 127.

SOLUTION: Write

127
- 362

minuend

subtrahend
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then
127 minuend
+ 638 tens complement of subtrahend
0765 apparent remainder

Since there was no 1 generated, we find the true
remainder by taking the complement of the ap-
parent remainder and also replacing the 0 with
a negative sign to indicate a negative value.

The process of subtraction by using com-
plements in binary is similar tothat of decimal.
The ones complement of a binary number is
found by replacing all ones by zeros and all
zeros by ones. This process is called inver-
sion. Therefore, the ones complement of 1001»

is 01105,. The twos complement is found by

addine a2 1 ta tha Anae rsaomnlamant that ig

uu\.u.xxs “a L v LT wiie o \-ULILHLCLLICLI }] i v LO’
Ones Twos

Number Complement Complement

101, 010, 011,
1011, 0100, 0101,
1111, 0000, 0001,

Notice that the number 101, plus its twos com-
plement 011, equals 1000 which has a 1 de-~
veloped in the next higher place value column
and followed by zeros. The same technique is
followed in binary as was used in decimal.

EXAMPLE: Subtract 01101, from 11001,
using complements.
SOLUTION: Write
11001, minuend
- 01101, subtrahend
then
11001, minuend
+ 10011, twos complement of subtrahend
101100, difference
= + 01100 positive difference

As in the decimal system, the 1 which is de-
veloped indicates a positive answer. If a zero
is present, it indicates a negative apparent an-
swer and the true answer is the complement of
the apparent answer.

87

EXAMPLE: Subtract 10115 from 1001, using
complements.
SOLUTION: Write

1001, minuend
- 1011, subtrahend
then
1001, minuend
+ 0101, twos complement of subtrahend
01110, apparent difference
= - 0010, twos complement of the apparent

difference with the zero indicat-
ing a negative difference

CAUTION: When finding the twos complement
of a number, do not forget to add a
1 after the inversion process.

PROBLEMS: Subtract in binary using the
complements.

1. 1101 from 1110
2. 101 from 1011
3. 1101 from 1001

4. 111 from 10

ANSWERS:

1. + 0001,

2. +0110,

3. - 0100,

4. - 101,
MULTIPLICATION

Multiplication in any number system is per-
formed in the same manner as in the decimal
system. Each system has a unique digit multi-
plication table. These tables will be discussed
with each system. The rows, columns, and
arrays of these tables are labeled in the same
fashion as the addition tables. Only the sign of
operation and array values are different.
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% U» o 1 2 3 4 5 6 7 8 9 } A
offo o 0 0 0 © 0 0 0 0
1 0 1 2 3 4 5 6 7 8 9
2 0 2 4 6 8 10 12 14 16 18
3 0 3 6 9 12 15 18 21 24 27
4 0 4 8 12 16 20 24 28 32 36 |p C
5 0 5 10 15 20 25 30 35 40 45
6 0 6 12 18 24 30 36 42 48 54
7 0 7 14 21 28 35 42 49 56 63
8 0 8 16 24 32 40 48 56 64 72
9 hﬁO 9 18 27 36 45 54 63 72 81 |J
—
B
Figure 5-8.—Decimal multiplication.
Decimal then
In multiplication in the decimal system, cer- 32(20)

tain rules are followed which use the decimal
digit multiplication and decimal digit addition
tables. These rules are well known and apply

= 640 partial product

to direct multiplication in any number system. then
glcgtx;re 5-8 shows the decimal multiplication 160 + 640
The direct method of multiplication of deci- = 800 product

mal numbers is shown in the following example.
EXAMPLE: Multiply 32 by 25.

SOLUTION: Write The technique generally used is

25=20+5 32

then x 25
32(25) 160

= 32(20 + 5) _64

800

32(20) + 32(5)
Notice that the 64 really represents 640 but the

= 640 + 160 zero is omitted.
_ 800 EXAMPLE: Multiply 306 by 762.
- SOLUTION: Write
The same problem written as
306 factor
32
x 762 factor
x 25
E— 612 partial product
gives 1836 partial product
32(5) 2142 partial product
= 160 partial product 233172  product

88
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Quinary

Figure 5-9 shows the multiplication facts
for base five. Notice that when we multiply 35
by 25 we think in base ten and write the product
in base five; that is, 35 x 25 is six, and six in
base five is one group of (5)! and one group of
(5)°. Therefore, we write

35
X 25

115

=:=u 011 2 3 4 } A

oftofotol| o] o

1§01 2 3 4

210 2 4 11 13 |p C

31 © 3 11 14 22

4 0 4 13 22 31

B

Figure 5-9.—Quinary multiplication.
EXAMPLE: Multiply 3045 by 245,
SOLUTION: Write

3045
X 244

Then, four times four is sixteen and sixteen in

base five is 31;. (See fig. 5-9.) Therefore, we
write

304,

X 245

15

Now, four times zero is zero and the carry of
three gives three. Therefore,
304,
x 24

0

314

)

and 35 X 45 gives 225. (See fig. 5-9.) The first
partial product is

304,
X 245

22315 partial product

This same procedure is used to find the second
partial product as

X 245

2231,
1113,

Then, adding the partial products we find

3044
X 245

22315
1113,

134115 product

PROBLEMS: Multiply the following:

1. 235
X 415

2. 30045
x 3215

3. 4342,
x 434

ANSWERS:
1. 2043

2. 2020334,
3. 4233133

Binary

Figure 5-10 shows the multiplication facts
for the binary system. This is the most simple
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set of facts of any of the number systems and
as will be seen the only difficulty in binary
multiplication may be in the addition of the
partial products.

0 1

boa

0 0
01}C

Figure 5-10.—Binary multiplication.

X
0
1
—
B

EXAMPLE: Multiply 101, by 1101,.
SOLUTION: Write

1101,
x 101,

The partial products and the products are as
follows:

1101,
X 1012
1101 partial product
11010 partial product
1000001 product

As in the addition section, the problem that may
be encountered in the addition of the partial
products is what to carry. The following ex-
ample will illustrate this problem.
EXAMPLE: Multiply 1111, by 111,
SOLUTION: Write

1111,
x 111,

1111
1111
1111

We add the partial products by writing

90

1111,
x 111,

1111
1111
1111

01

and when we add the four ones we find four is
written in binary as 100,. We write the zero,
then we must carry the 10,. The symbol 10, is
really two, thinking in base ten; therefore, we
carry two and when two is added to the next
three ones we have five. Five is written as
101,; therefore, we write 1 and carry the 10,
or two. Two and two are four so we write zero
and carry 102 or two., Finally, two and one are
three and we write 11,. The entire addition
process is shown as follows:

1111
1111
1111
1101001,

PROBLEMS: Multiply the following.

1. 1010,

X 1012
2. 1110,

x 111,
3. 11011,

X 11012
ANSWERS:
1. 110010,
2. 1100010,

3. 101011111,
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Octal PROBLEMS: Multiply the following.
Base eight multiplication facts are given in 1. 703
figure 5-11. When multiplying 6g by 7s we find : 8
the product by thinking 'six times seven is X 244
forty-two' and writing forty-two as five groups
of eight and two groups of one or 9. 324,
68 X 78 = 528 X 1038
3. 762¢
x o0 1 2 3 4 5 6 7 } A
x 765g
0O §o0 o0 ] 0 0 0 0 0
110 1 2 3 4 5 6 7
240 2 4 6 10 12 14 16 ANSWERS:
340 3 6 11 14 17 22 25 C
4 0 4 10 14 20 24 30 34
sflo 5 12 17 24 31 36 43 1. 214744
6 0 6 14 22 30 36 44 52
740 7 16 25 34 43 52 61 2. 335744
B 3. 7472324
Figure 5-11.—Octal multiplication.
Duodecimal

EXAMPLE: Multiply 414 by 23;.

SOLUTION: Write Multiplication facts for the base twelve sys-

tem are shown in figure 5-12. The process of
multiplication is the same as in other bases.

4l EXAMPLE: Multiply 9,, by 5,,.
x 23, SOLUTION: Write
143 .
12
102
X5
1163, 2
xff O 1 2 3 4 5 6 7 8 9 t e } A
0 0 0 0 0 0 ¢] 0 0 0 0 0 o]
1o 1 2 3 4 5 6 7 8 9 t e
2 0 2 4 6 8 t 10 12 14 16 18 1t
3o 3 6 9 10 13 16 19 20 23 26 29
4 0 4 8 10 14 18 20 24 28 30 34 38 C
5 0 5 t 13 18 21 26 2e 34 39 42 47
6 0 6 10 16 20 26 30 36 40 46 50 56
7 0 7 12 19 24 2e 36 41 48 53 5t 65
8 0 8 14 20 28 34 40 48 54 60 68 74
9 0 9 16 23 30 39 46 53 60 69 76 83
t 0 t 18 26 34 42 50 5t 68 76 84 92
el 0 e 1t 29 38 47 56 65 74 83 92 tl J
=
B

Figure 5-12.—Duodecimal multiplication.

91
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Nine times five is forty-five in base ten, and
forty-five is written as three groups of twelve
and nine groups of one, in base twelve; that is,

912
X 999

39,5

EXAMPLE: Multiply 515 by 715.
SOLUTION: Write

512
X 712

and thirty-five in base ten is written as two
groups of twelve and eleven groups of one, in
base twelve; therefore,

912
X 712

2612
PROBLEMS: Multiply the following.

1. 29,
X 324,

X 3112

3. te612

X 612

ANSWERS:

1. 88612

2. 2877,

3. t066,,
Hexadecimal

Figure 5-13 gives the multiplication facts
for base sixteen and figure 5-7 gives the addi-
tion facts. By use of both of these tables, the

following examples and problems become seli-
explanatory.

92

EXAMPLE: Find the product of 6C;g and

981¢.
SOLUTION: Write

6Cqg
X 9816

360
3CC
4020,

EXAMPLE: Find the product of 3A7,. and

841¢.
SOLUTION: Write
3AT4
X 8416
ESC
1D38
1E21Cy¢
PROBLEMS: Find the product of the follow-
ing.
1. 6716
X 3116
2. ABCy;
x 326
3. 678,
X 30216
ANSWERS:
1. 13B7,4
2. 218B8,4

3. 1374F04
DIVISION

The process of division is the opposite of
multiplication; therefore, we may use the mul-
tiplication tables for the various bases to show
division facts. We will define division by writ-
ing
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x
(=]
-
OHN
w
|
=~
w
o
~
o
[v=}
»
=]
a
©
m
]
—
Q

-
(=]
—
)
(V]
S
w
(=)
~
[o 1]
O
L
o
(9]
L=
™
e

g8flo {8110 118 (20 {28 30|38 40 | 48 [50) 58 | 60 | 68 | 70 |78

9lo{9 12 1B |26 |20 36 | 3F | 48 | 51 | 5A| 63 { 6C } 75 | 7E | 87

AJlOo A 14 ] 1E [ 28 132 ) 3C ]| 4650 [ 54 }646] 6E) 78] 82 8 |96

BlJlo !B |16 |21 |2c |37 ) 42 ) 4D | 58 | 63 J 6E]| 79 | 84 | 8F | 9A | A5

Clo|cj18 24 |30 |3C ] 48 )5S4 | 60 )]6Cc ]| 78] 84 ]90 | SC| A8 | B4

DO D J1a |27 |36 |41 | 4E [ SB | 68 | 75 | 82| BF { 9C | A9 | B6 | C3

~
B
Figure 5-13.—Hexadecimal multiplication.
C _ _ For the remainder of this section on divi-
B A if, and only if, AB=C, B=0 sion we will use examples and problems for the

various number bases along with their respec-
We show this by use of figure 5-8. That is, if tive multiplication tables.

imal
C = 42 Decima
EXAMPLE: Divide 54 by 9.
and
B=1 6
h 9/54
en 54
A=6 0]
Notice that the value of C is the intersection of EXAMPLE: Divide 252 by 6.
the values of A and B. SOLUTION: Write

93
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42 Octal
6/252 EXAMPLE: Divide 234 by 6.
24 SOLUTION: Write
12 32,
12 6/234
0 22
Quinary 1
14
EXAMPLE: Divide 225 by 45. 0

SOLUTION: Write
EXAMPLE: Divide 765g by 4g.

3, SOLUTION: Write
433 1754
22 4/165
0 4
36
EXAMPLE: Divide 20135 by 35. 34
SOLUTION: Write
25
321, 24
3 /5013 1 remainder
14 PROBLEMS: Divide the following.
11 1. 2024 by 5g
11 2. 16344 by T4
03 3. 372 by 12
ANSWERS:
0 1. 324
. ) 2. 2044
PROBLEMS: Divide the following,
3. 31
1. 134, by 4
5%V %5 Binary
2. 22315 by 45 EXAMPLE: Divide 1111, by 11,.

SOLUTION: Write
3. 2131; by 35

101,
ANSWERS: 11/1111
1. 215 1;11
2. 304 u
3. 3424 0

94
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EXAMPLE: Divide 101, by 103.
SOLUTION: Write

102
10/101
10
1 remainder
PROBLEMS: Divide the following
1. 10110, by 10,

2. 1000001, by 101,

3. 100000, by 100,

ANSWERS:

1. 1011,
2. 1101,

3. 1000

Duodecimal

EXAMPLE: Divide 446, by 61,.
SOLUTION: Write

89
6/446
40
46
46
0

12

EXAMPLE: Divide 417, by 5;,.
SOLUTION: Write

9,5
5/417
39
47
47
0
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PROBLEMS: Divide the following.
1. 2e4,, by 4o
2. 1e23;, by 3;,
3. 18t15 by 25
ANSWERS:
1. 8ty
2. 7895
3. teyo
Hexadecimal

EXAMPLE: Divide D4E ¢ by 2.
SOLUTION: Write

6A716

2/D4E
C
14
14
E
E
0

EXAMPLE: Divide 13BC;4 by 316.
SOLUTION: Write

694,

3/13BC
12
1B
1B
C
C
0

PROBLEMS: Divide the following

1. 27B5,4 by 5,
2. 4B244 by 74
3. 2CCE16 by A16
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ANSWERS:
1. TF1,
2. ABC,
3. 47By4

CONVERSIONS
It has been shown that place value is the de-
termining factor in evaluating a number. We

will make extensive use of this idea in discuss-
ing the various methods of conversions.

NON-DECIMAL TO DECIMAL
In order to convert a non-decimal number to
a decimal number we make use of the polyno-

mial form. That is, we write the non-decimal
number in polynomial form and then carry out

the indicated operations.
EXAMPLE: Convert 634s to decimal.

SOLUTION: Write

634, = 6(8)° + 3(8)" + 4(8)°
= 6(64) + 3(8) + 4(1)
=384 +24 +4

= 412

EXAMPLE: Convert 7t0e;, to decimal; that
is, if

Tt0e,, = X4, then X, = ?

SOLUTION: Write
Tt0e ., = 7(12)° + 10(12)2 + 0(12) + 11(12)°
= 7(1728) + 10(144) + 0(12) + 11(1)

12096 + 1440 + 0 + 11

13547

Therefore, X190 = 13547.

Another method of non-decimal to decimal
conversion is by synthetic substitution. This
method is shown in the following example.

EXAMPLE: Convert 6344 to decimal.
SOLUTION: Write

8|6 3 4

Bring down the six

a[s 3 4

6

Multiply the six by the base (expressed in deci-
mal form) and carry the decimal product to the
next lower place value column.

8|6 3 4
48

Add the three and the carried product

8|6 3 4
48
6 51

Multiply this sum by the base and carry to the
next lower place value column,

8|6 3 4
48 408
6 51

Add the four and the carried product to find the
decimal equivalent of 634g to be

8|6 3 4
48 408
6 51 412

and 412 is the decimal equivalent of 634g. The
entire previous process may be shown, without
carrying out the multiplication, as
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8|6 3 4
6
816 3 4
6(8)
]
86 3 4
6(8)
6 6(8) + 3
816 3 4
6(8) 8[6(8) + 3]
6(8) +3
8|86 3 4
8(8) 8[6(8) + 3]
6 6(8) + 3 8[6(8) +3] + 4
and
8[6(8) +3] + 4
is

6(8)2- +3(8) +4

which is really 6345 writteninpolynomial form.
EXAMPLE: Convert Ttei2 to decimal.
SOLUTION: Write

12117 10
7(12)

7 7(12) + 10

11
12[7(12) + 10}
12[7(12) + 10] + 11

and
12[7(12) + 10] + 11
7(12)% + 10(12)* + 11(12)°

1008 + 120 + 11

1139

A third method of converting a number from
non-decimal to decimal is by use of repeated
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division where the remainders indicate the deci-
mal equivalent. The divisor is ten expressed in

the non-decimal number.
EXAMPLE: Convert 634¢ to decimal.

SOLUTION: Ten expressed in base eight is
12; therefore, write

12/634

This division is carried out in base eight.

51
12/634

62

14

12
Ry = 2 = 2

The quotient is now divided by 124.

4
12/51
50

Ry =1g = 1

This process is continued until the quotient is

zZero.

0

12/
0
R3 = 48 =4

Now, if 6345 = X, then

X10 =R3 Rz Ry
where
R, =2
Ry =1
R; = 4
Therefore
X10 = 412
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EXAMPLE: Convert Tt0e;, to decimal.
SOLUTION: Ten expressed in base twelve

is t, therefore, write

t/Tt0e

This division is carried out in base twelve.

94t
t/Tt0e
76
40
34

Then, the quotient e3 is divided by t.

Further division produces

1

Ry =313=3

Then,

98

Rg=119=1

Therefore, if 7t0e;s = Xy and

X10=R; Ry Ry Ry Ry

where

Ry =1

Ry, = 4

Ry =5

Ry =3

Ry =1
then

X = 13547

PROBLEMS: Convert the following non-
decimal numbers to decimal using each of the
three methods discussed.

1. 3424
2. 431,
3. 6AC;q
ANSWERS:
1. 226
2. 116
2. 1708

DECIMAL TO NON-DECIMAL

To convert a number from decimal to non-
decimal the process of repeated division is
used and the remainders indicate the non-
decimal number. The divisor is the non-
decimal base expressed in base ten and the
division process is in base ten.

EXAMPLE: Convert 319 to octal; that is, if

319 = Xg, then Xg = ?
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SOLUTION: Base eight expressed in decimal
is 8, therefore, write

and

then

Now, if

then

co

In this example

therefore,

Xg =477g
EXAMPLE: Convert 18 to binary; that is, if

18 = Xy, then X; = ?

£

fore, write

99

and
and
and

then
0
T
0
Rsg=1=19
therefore, if 18 = X7 and

X2 =R5 R4 R3 Ry R}

where

Rj

0

R3

R3=0

R4=0

Rs
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then
X, = 10010,
EXAMPLE: Convert 632 to duodecimal.
That is, if

632 = X12, then X12 = ?

SOLUTION: Base twelve expressed in base
ten is 12. Write

52
12/632

and

and

632

X2

W
=3
(%

X12 Ro

R3 Ry

then

X192

448,,

EXAMPLE: Convert 128 to duodecimal.
SOLUTION: Write

100

and

therefore,

128 = 849

The format for the repeated division process
may be simplified in cases where the actual di-
vision is simple. This is shown in the following
example.

EXAMPLE: Convert 18 to binary.

SOLUTION: Carry out the repeated division
indicating the remainder to the right of the di-
vision; that is,

Remainder

2/18

275 0 A

78 1

]2 0

27T 0

T 1
Now read the remainder from the bott 0“‘1 0 he
top to find the binary equivalent of the mal
number. In this case the binary number is
10010;.

PROBLEMS: Convert the following decimal
numbers to the base indicated.

1. 27 to base two.

2. 123 to base five.
3. 467 to base twelve.

4. 996 to base sixteen.
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ANSWERS:

1. 11011,

2. 443,

3. 32e,

4. 3E4:4

NON-DECIMAL TO NON-DECIMAL

We will consider three approaches to the
non-decimal to non-decimal conversions. One
method will be through base ten and the other
two methods will be direct.

When going through base ten, the polynomial
form is used along with repeated division.

EXAMPLE: Convert 21435 to base eight.

SOLUTION: Convert 21435 to base ten by
writing this number in polynomial form. That
is,

2143, = 2(5)° + 1(5)% + 4(5)" + 3(5)°

i

2(125) + 1(25) + 4(5) + 3(1)

1l

250 + 25 +20 + 3

298

We now convert 298 from base ten to base eight
by repeated division., That is, write

Remainder
8/298
8/31 2
8/4 5
0 4
therefore,
21435 = 4523

EXAMPLE: Convert 10110, to base twelve.
SOLUTION: Write (polynomial form)

12)% +02)° + 122 + 12" + 02)°

10110,

16+0+4+2+0

22

H

Then (repeated division),

101

Remainder
12/22
12/1 t
0 1
therefore,
10110, = 1t,,
EXAMPLE: Convert 3C7; to base f{ive.

SOLUTION: Write (polynomial form)

3CT,5 = 3(16)* + c(16)' + 7(16)°

768 + 192 + 7

967

Then (repeated division),

Remainder

5/967
5/193
5/38
5/1
5/1

0

=D W LN

therefore,
3CT16 = 12332

The second method of converting a non-
decimal number to a non-decimal number is by
division. The divisipn is carried out by divid-
ing by the base wanted, performing the calcula-
tion in the base given.

EXAMPLE: Convert 21435 to base eight.

SOLUTION: The base given is five and the
base wanted is eight. Therefore, express eight
in base five, obtaining 13;,. We carry out the
division by 13; in base five as follows:

122

13/2143
13

34

31
33
31

25

R1

%



then
4
13/122
112
R, = 105 = 53
and
0
13/4
0
Ry = 45 = 43
and
Xg = R3 R2 Rl
then
2143, = Xg
=Rg Ry Ry
= 4528

EXAMPLE: Convert T7e6;, to base five.

SOLUTION: The base given is twelve and
the base wanted is five. Therefore, five in base
twelve is 5;5. The division is carried out in
base twelve. Write

171
5/Te6
5
2e
2e

Ry = 4,; =4

102

and

then

(=]

5/1
0
Ry =1y = Iy
therefore,
79612 = 140415

PROBLEMS: Convert the following without
going through base ten.

1. 3425 to base two.
2. t73,5 to base eight.

3. A62;4 to base five.

ANSWERS:
1. 1100001,
2. 2767,

3. 41113,

The last method we will discuss
ing rules:

1. Perform all arithmetic operations in the
desired base.

2. Express the base of the original number
in terms of the base of the desired number.

3. Multiply the number obtained in step 2 by
the leftmost digit and add the product to the
next digit on the right of the original number.
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(NOTE: It may be necessary to convert each EXAMPLE: Convert 4523 to base five.
digit of the original number to an expression SOLUTION: Eight expressed in base five is
conforming to the desired base.) 135. 452 expressed in base five, digit by digit,

4. Repeat step 3 as many times as there are is 4 10 2. Then,
digits. The final sum is the answer.
EXAMPLE: Convert 21435 to base eight. 4 i0 2

SOLUTION: Write

x 134 + 112 + 2141
five in base eight =54 (Rule 2)
22 122 21434
2 1 4 3 )
8 8 8 8
( > 4 x 13
x g (Rule 3) 112 421
124 122
then 2141
(28 lg 4g 38) 5 Therefore,
x 55 + 124 4525 = 21435
12 13
8 8 EXAMPLE: Convert t62;5 to base five.
x 5 SOLUTION: Twelve expressed in base five
8 is 225. t62 expressed in base five, digit by
digit, is 20 11 2. Then,
678
and 20 11 2
2 1 4 3
( 8 8 8 8)5 X 225 + 440  + 22022
X 55+ 125 + 674 40 1001 22024,
x 55 x5y 440 2002
67, 447, 2002
then
22022
2 1 4 3
( 8 8 8 8)5 therefore,
x 5y + 125 + 675 + 4474 £62;, = 220245
124 13 738 4524
PROBLEMS: Convert the following to the
x 5g x 5g base indicated.
675 447, 1. 325 to base two.
Therefore, 2. 347g to base twelve.
21435 = 4524 3. ted;, to base five.

103
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ANSWERS:
1. 10001,

2. 173,

3. 22300,

SPECIAL CASES OF CONVERSIONS

Changing from base two to base eight is ac-
complished rather easily because eight is a
power of two. That is, 8 equals 23, We need
only group our base two number in groups of
three digits (the power of the original which
gives the new base) and use each group of three
digits as a single place value of base eight.

EXAMPLE: Convert 1011001, to base eight.

SOLUTION: Group 1011001, in groups of
three starting at the right. That is,

001 011 001

2

then write each group of three digits in base
eight.

1 4

Verification may be made by writing

1011001, = 89
and
i315 = 89
therefore,
10110012 = 1314

EXAMPLE: Convert 1001101, to base six-
teen.

SOLUTION: Sixteen is the fourth power of
two so we use groups of four digits. Write

0100 1101

2
Then write each group of digits in base sixteen.

4 D

16
EXAMPLE: Convert 11011011111, to base

sixteen.
SOLUTION: Write

104

0110 1101 1111

2

6 D F

16

To reverse this process, that is, to convert
from base eight to base two, we use three dig-
its in base two to express each digit in base
eight. This is because two is the third root of
eight.

EXAMPLE: Convert 1324 to base two.

SOLUTION: Write

1 2

8

Then write each base eight digit in base two
using three digits. That is,

1 3 2

8

001 011 010

2
EXAMPLE: Convert 6AT;5 to base two.
SOLUTION: Two is the fourth root of six-

teen; therefore, we express each base sixteen

digit in base two using four digits. That is,
6 A T 16
= 0110 1010 o111 ,

This process may be used when one base is
a power or root of the other base.

PROBLEMS: Convert the following to the
base indicated.

1. 11011101, to base eight.
2. 47624 to base two.
3. 9B7,, to base two.

4. 111110111, to base sixteen.

ANSWERS:
1. 335,
2. 100111110010,
100110110111,

1F7,,
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DECIMAL TO BINARY
CODED DECIMAL

Although the Binary Coded Decimal (BCD) is
not truly a number system, we will discuss this
code because it is computer related as some of
the bases are.

This code, sometimes called the 8421 code,
makes use of groups of binary symbols to rep-
resent a decimal number. In the decimal sys-
tem there are only ten symbols; therefore, only
ten groups of binary bits (symbols) must be
remembered. Each decimal digit is repre-
sented by a group of four binary bits. The ten
groups to remember are as follows:

Decimal
Symbol

Binary Coded Decimal
(BCD)

(=]

0000
0001
0010
0011
0100
0101
0110
0111
1000
1001

W O =3 O G W W DN

To express a decimal number as a BCD we use
a binary group for each decimal symbol we
have; that is,

72
0111 0010

Decimal
BCD

Notice that for every decimal digit we must
have one group of binary bits. Thus,

3 8 1
1000 0001

Decimal

BCD 0011
The separation of the BCD groups is shown for
ease of reading and does not necessarily need
to be written as shown. The number 381 could
be written as 001110000001. One advantage of
the BCD over true binary is ease of determin-
ing the decimal value, This is shownasfollows:

105

9 3 4
1001 0011 0100

Decimal
BCD

The number 934 intrue binary is 1110100110,.
This in polynomial form is

12)° +12)°% + 1@ +0@° + 12° + 0@’

+002° +1@2)°% + 1@ +0@)°

512 + 256 + 128 + 0+ 32 +0+0+4+2+0

1]

934

In order to change a decimal to BCD we
need only write one group of binary bits to rep-
resent each decimal digit; that is,

Decimal 7203

is
BCD 0111 0010 0000 0011

To convert a BCD to decimal we group the
binary bits in groups of four, from the right,
and then write the decimal digit represented by
each group. Thus,

BCD 0100100110011000
= BCD 0100 1001 1001 1000
= Decimal 4 9 9 8
= 4998

The ease of converting from decimal to BCD
and from BCD back to decimal should be ap-
parent from the following problems.

PROBLEMS: Convert the following decimal
numbers to BCD.

1. 6
2. 31
3. 764
4. 3098
ANSWERS:
1. 0110

2. 0011 0001 or 00110001
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3. 0111 0110 0100 or 011101100100
4. 0011 0000 1001 1000 or 0011000010011000

PROBLEMS: Convert the following BCD's
to decimals.

1. 0010

2. 10011000

2] n11nnn n1t1
v Vailuuviivilil

4. 0101000001111000

ANSWERS:

1. 2

2. 98

3. 637

4. 5078

The comparative ease of conversion in BCD
is related to the difficulty of conversion in true
binary by the following problems.

PROBLEMS: Convert as follows:

1. 438 to binary

2. 100101101, to decimal

ANSWERS:
1. 110110110,

2. 301

One serious disadvantage of the BCD is that
this code cannot provide a ''decimal" carry.
The following examples are given to show this.

EXAMPLE: Add the following:

Decimal BCD
5 = 0101
+ 3 = + 0011
8 = 1000

Notice that we did not have a carry in the
decimal addition and the answer in BCD is
equal to the answer in decimal. The BCD is in
correct notation and does exist.
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EXAMPLE: Add the following:

Decimal BCD
8 = 1000
+ 5 = + 0101
13 = 1101

Notice that the BCD symbol is the true bi-
nary representation of 13 but 1101 does not
exist in BCD. The correct BCD answer for 13
is 0001 0011, When a carry is made in decimal
the BCD system cannot indicate the correct an-
swer in BCD form.

EXCESS THREE CODE

The excess three code is used to eliminate
the inability of the decimal carry. It is really
a modification of the BCD so that a carry can
be made.

To change a BCD symbol to excess three add
three to the BCD; that is,

BCD 1000
+ 0011

excess three 1011

The excess three number 1011 is 8 in decimal.
The following shows the correspondence be-
tween decimal, BCD, and excess three code.

Decimal BCD Excess Three
0 0000 0011
1 0001 0100
2 0010 0101
3 0011 0110
4 0100 0111
5 0101 1000
6 0110 1001
7 0111 1010
8 1000 1011
9 1001 1100

As previously stated, the excess three code
will provide the capability of the decimal carry.
The following is given for explanation.
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EXAMPLE: Add 6 and 3 in excess three.
SOLUTION: Write

Decimal
6 = 0011 0011 1001
+ 3 = 0011 0011 0110
9

Notice that in the right-hand groups the six and
three are given. In the other groups a zero
(0011) is indicated.
Then,
0011 0011 1001 (excess three)
+ 0011 0011 0110

0110 0110 1111

(excess three)

(excess six)

Our answer is in excess six; therefore, we
must subtract three from each group in order
to return our answer to excess three; that is,

0110
- 0011

0011

0

0110 1111

0011 0011

0011
0

1100 (excess three)

9 in decimal
When a carry is developed in any group, the
following procedure is used.
EXAMPLE: Add 9 and 3 in excess three.
SOLUTION: Write

Decimal Excess Three
9 0011 001{] 1100 (excess three)
+3 0011 0011 1\0110 (excess three)
12 0110 0111 0010 (excess six)

NOTE: Since the right-hand group created a
carry, as shown, three must be ADDED instead
of subtracted in order to place this group into
excess three. The other groups follow the pre-
vious example; that is,

0110 0111 0010 (excess six)

- 0011 -0011 +0011
0011 0100 0101 (excess three)
0 1 2 decimal
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PROBLEMS: Add the following in excess
three.

1. 5and3.

2. 9and 8.

3. 22 and 56.

4, 58 and 77.

ANSWERS:

1. 0011 0011 1011

2. 0011 0100 1010

3. 0011 1010 1011

4. 0100 0110 1000

A further advantage of the excess three code

is the ease with which the nines complement of
a number indicated in excess three may be

found. That is, the nines complement of seven,

indicated in excess three as 1010, is found by
inverting each digit in 1010 to read 0101. This
0101, in excess three represents decimal two
which is the nines complement of seven.

The following shows the nines complement
of the decimal digits.

Excess
Excess Three Nines Decimal Nines
Decimal Three Complement Complement
0 0011 1100 9
1 0100 1011 8
2 0101 1010 7
3 0110 1001 6
4 0111 1000 5
5 1000 0111 4
6 1001 0110 3
7 1010 0101 2
8 1011 0100 1
9 1100 0011 0



CHAPTER 6
SETS AND SUBSETS

Since sets, subsets, and Boolean algebra
satisfy the same laws (that is, have similar
properties), we will discuss sets and subsets
as a means of introducing Boolean algebra. It
should be understood, though, that sets and
subsets are related to all other branches of
mathematics.

SETS

The meaning of a set is any well-defined
collection, group, list, or class of objects which
possess (or do not possess) some common
property whereby we can determine member-
ship in that set. The object or element may
take any form such as articles, people, condi-
tions, or numbers. Membership is the funda-
mental relation of set theory.

NOTATION

When appropriate we will use capital letters
to designate sets and lower case letters to in-
dicate elements of a set. Generally, sets are
designated by the following:

1. Description.

2, Tabulation,

3. Capital letters.

4. Set builder notation.

5. Combinations of the above.

Examples of each form of notation, in order,
are as follows:

1. '"the set of odd prime numbers less than
ten."

2. {13, 5} or {0.2,4,6, "}
3. A, B.C,
4 {x[x is 3 natural number} or {x|x = N}

= {x|x

In 1tem 4'we let | mean '"such that" and x
represents any element of the set. Also, the x
to the left of | is a variable and the defining
property which is required to belong to the set
is to the right of | .

Item 5 is read as "'A is the set of numbers x
such that x square equals four."
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Examples of sets and their designations are
as follows:
1. The numbers 3, 5, 7, and 11.
{3,5,7, 11}
2. The letters of the alphabet between c
and i.
{d, e, f,g 1
3. Members of the Navy.
{x|x is a member of the Navy}
4. Solutions of the equation x2 + 3x - 4 = 0.
{x]x2 + 3x - 4 = 0}
If set A contains x as one of {ts elements,
we indicate this membership by writing

XxeA
and if set A does not contain x, we write
XfA

That is, if

= {2,4,8,8, -

}
then

2¢A, 3£A, 13/A, 12¢ A, etc.

FINITE AND INFINITE SETS

Wedefine a finite set as one inwhich its ele-
ments or members could be counted; that is,
the counting process or enumeration of its ele-
ments would at some time come to an end. This
count is called the cardinal number of the set.
An infinite set is one which is not finite.

The following list of examples illustrates the
distinction between finite and infinite sets:

1. If A is the set of days inthe month of De-
cember, then set A is finite.

2. Ifset B={1,3,5,17,
infinite.

---}, then set B is
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3. If set C = {x|x is a grain of sand on the
earth}, then set C is finite. (The counting proc-
ess would be difficult butwould come to an end.)

4. If set D = {x|x isan animal onthe earth},
then set D is finite.

EQUALITY OF SETS

Sets A and B are said to be equal if and only
if every element of A is an element of B and
every element of B is an element of A. In this
case we write

A=B
i
A=1{2 34 5}
and
B = 5 3, 4,2}
then
A=B

Notice that each of the elements 2, 3, 4, and 5
in A is in B and each of the elements in B is in
A although the order of elements is different.
The arrangement of elements does not change
the set. Also, the set does not change if some
elements are repeated.

If

A= {30997}
and

B = {33,917}
then

A=B

In some cases the equality of sets is not ob-
vious, as shown in the following:
If
A= {x|x2 - 5x = -6}
and

B = {23}

and

C = {xl 1<x<4, xan integer}
then

A=B=C
NULL SET

We define the null set as a set which has no
members or elements. This is a set which is
void or empty. We denote this set by the sym-
bol # or { }. Notice that ¢ is not the same as 0;
that is, 0 is not a set but ¢ is. Also, §# is not
the same as {0} because @ is the null set and
{0} is a set with the one element 0. The empty
or null set may also be defined by a statement
which prohibits any element from being a mem-
ber of the set; that is, the set exists but has no
members,

This is similar to regarding zero as a num-
ber; that is, the natural numbers are 1,2, 3,--..
and are used for counting, and zero is not a
counting number but it is used to indicate that
there is nothing to count.

There is only one empty or null set because
two sets are equal if they consist of the same
elements, and since the empty sets have no
members they are equal.

If

A = {x| x is a 300-year-old man on earth}

then, as far as we know, A is the null set.
u

B = {x/x2 = 9, x is even}
then

B = the null set
or

B=g or {}
PROBLEMS:

1. Use set notation to rewrite the following
statements:
a. x does not belong to C.
b. k is a member of B.
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2, Write the following, using set-builder
notation,
a. B ={2,4,6,8, -},
b. C is the set of men in the Navy

3. Indicate which sets are finite.
a. The days of the week.
b. ixlx is an odd integer}.
c. 13.6,9, -],

4. Which pairs of sets are equal ?
a. {1,2,3} and iz, 1,3,2E
b. ik, 1, x; and ix,k,n,1

5. Which of the following describe the null
set?
a. C = {x|x + 6 = 6}.
b. B = {x|x is a positive integer less
than one} .

ANSWERS:
1. a. x¢C
b. ke B
2. a. B = {x|x is even}
b. C = !x|x is a man in the Navy}

3. a. f{inite
b. infinite
c. infinite

4, a. equal
b. unequal

5. a. not the null set
b. the null set

SUBSETS

We say that set B is a subset of set A if and
only if every element of set B is an element of
set A,

If we have the situation where

A= 1,23}

and
{1,2}

then B is a subset of A and we write

B

BCA

Notice that every element of B is an element of
A; that is,

XxeB —x€eA

where the symbol — means "'implies" or if the
first (xe B) is true then the second (x € A) is
true. Also, it should be noted that the null set
is a subset of every set.

If
D = {x|x is an odd integer}
and
E={.3571
then
EcCD

PROPER SUBSET

If we have two sets such that

F =G
we may write

F-G
and

GCF

and we say F is a subset of G and G is a sub-
set of F.
If we write

K=K

we say K is a subset of itself.

Since there is a distinction between these
subsets and the subsets previously mentioned,
we may call the previous subsets ''proper sub-
sets''; that is, B is a proper subset of A if B is
a subset of A and at the same time B is not
equal to A.

When we have

Cc = {3, 4,5}
and

{3, 4, 5}

o
"
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then C is a subset of D and we properly write
cch
which indicates that C is also equal to D.
Although this distinction is made in some
studies of sets and subsets, we will not make
any distinction in the following discussions.
COMPARABILITY
If we have two sets where A is a subset of B
or B is a subset of A, then we say sets A and B
are comparable; that is, if
ACB
or
BCA
then A and B dre comparable,
For two sets to be noncomparable we must
have the relations
A¢ZB
and
BZ A
where the symbol ¢ means "is not a subset
d."
It
C = {3, 5, 6}
and

D = {5, 6}

then C and D are comparable. This is because

DcC
It
E = {1, 8, 9}
and
F = {8,9, 10}

then E and F are noncomparable. This is be-
cause there is an element in E not in F and
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there is an element in F not in E. This is
written

Te E and

g F
and

10 ¢ E and 10¢ F

UNIVERSAL SET

When we investigate sets whose elements
are natural numbers, we say the natural num-
bers comprise the universal set. Generally,
we say the universe is the set of natural num-
bers. We denote the universal set by the let-
ter U,

If we are discussing sets of the letters of
our alphabet, we call the alphabet the universe.

If we are talking about humans, then the
universal set consists of all people on earth.

POWER SET

If we have a set A such that

A= {1,2, 4}

and we list each subset of A; that is,
{t, {2}, {4}, &2}, (1,4}, 2, 4}, 1,2, 4}, {}
we call this family of sets the power set of A.

The power set of any set S is the family of
all subsets of S. This is denoted by

2S

This designation is used because the number
of subsets of any finite set of n elements is 2",
If we have the set B such that

B = {8, 9, 10}

then, the power set of B; that is,

has
20 =

subsets.
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The power set is shown as follows:
If

B = {8, 9, 10} L
then

ZB={B, {8, 9}, 18,10}, {9, 10}, {8}, {9}, {10}, a}

DISJOINT SETS

When we find two sets that have no elements or
in common, we say these sets are disjoint,
If

A=1{12 3} v

and o

B = {4, 5, 6}

then A and B are disjoint.
If

C = {a,b, c} If we have two disjoint sets, we draw

and

D= {c,d,e} v

then C and D are not disjoint because

ceC and ceD

VENN-EULER DIAGRAMS

The use of Venn-Euler diagrams, or simply If the sets are not disjoint, we draw
Venn diagrams, is not an acceptable ""proof'" of
the relationships among sets. Nevertheless we
will use these diagrams for our intuitive ap-
proach to these relationships. We will use a U
circle to denote a set and a rectangle to indi- .D

cate the universe. If we have two sets such
that

{1, 2, 3}

>
"

and

B = {2, 3} It

{1, 2}

then we may show that E

BcC A and

{2, 3}

by drawing F
112
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then we show their relationship by 5. Make a Venn diagram of the following
relationships.

a. CCB,BCA

b. CCB, DCB, BCA, and C and D

v are disjoint,
c. A= {12, 3} B= {24
d. A = 1, } B = {4 2
c-1{34 5}
ANSWERS:
1. 2% or 16

indicating that
2. 2% or 4; {B, {6}, {7}, ¢}

le E, 1¢F
2¢E, 2¢F 3. a. not comparable
b. not comparable
3FE, 3¢F c. comparable
PROBLEMS: 4, a. true
b. true
1, If set A = {2, 3,1, 9}, then how many c. true
subsets does A contain? d. false
e, false
2. If set B = {x|x is an integer between 5 f. false
and 8}, then how many subsets does B contain ?
Write the power set.
5. a
3. Indicate whether the following pairs of u
sets are comparable or not.
a. A= is, 6,9} and B = {9, 10, 11}
b. C = {x|x.is even} and
D = rﬁthz + \JIL = "U.l
c. E = zx|x is odd} and¢
4. K
b.
A= {1} v
B = {1, 2}
C = {2, 3, 4}
D = {3, 4}
and
E = {1, 3, 4}
then indicate whether the following are true or c.
false. 1}
a,. DcC A B
b. A¥ E 1 {2)a
c. AZD
a Acc NAV%
e. DZE
f. BCE
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®

OPERATIONS

When operating with arithmetic, the process
of adding a pair of numbers A and B produces a
number A + B called the sum. Subtraction of B
from A produces a number A - B called the dif-
ference and multiplication of A and B produces
AB called the product. In this chapter we will
discuss operations of sets which are somewhat
similar tothe arithmetic operations of addition,
subtraction, and multiplication. The set opera-
tions are union, intersection, and difference.
Complements will also be discussed.

The operations of sets will be discussed in
relation to Venn diagrams which is a ''show"
rather than a '"prove” type approach. The laws
of sets will be discussed later in the chapter.

UNION

We say that the union of two sets A and B is
the set of all elements which belong to A or B
or to both A and B, We indicate the union of A
and B by writing A U B. To show this union by
a Venn diagram we draw diagram (1)

n

where the circles show the sets A and B and the
rectangle indicates the universe U. We shaded
set A with positive slope lines and shaded set B
with negative slope lines. Any part of the uni-
verse which is shaded is "A union B" or A U B;
that is,

AUB = {x|xeA

or xe¢ B}
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An example using numerals to show the union
of two sets A and B is as follows:

If
A= {12 3, 4}
and
B = {3, 4,5, 6}
then
AUB=1{1,23,4,5 6}

To show this union by Venn diagram, we draw
diagram (2)

oo
o wn®

(2)

From the previous discussion it should be
apparent that

AuUB=BUA

In a later discussion we will relate the union
of Aand Bto A + B.

PROBLEMS:

LetA = {1,2,3,4,5}, B =1{2, 4,6, 8}, and
Cc = {3,5, 6}

Find

1. Au B
. AuC
Bu C
. AU A

(AU B)uUC
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ANSWERS:

1. {1,2,3,4,5,6, 8}

2. {1,2,3,4,5,6}

3. 12,3,4,5,86, 8}

4. {1,2,3, 4,5}

5. {1,2,3,4,5,86, 8}
INTERSECTION

We say that the intersection of two sets A
and B is the set of all elements which belong
to A and B by writing A N B; thatis, A NnB=

{x|x€ A, xe B}. To show this intersection by
a Venn diagram we draw (3)

A and B have been shaded as before and the in-
tersection of A and B, that is, A N B or the area
shaded by cross-hatch.
An example using numerals to show the in-
tersection of two sets A and B is as follows:
If

A=1{1,2 3, 4}
and
B

{3,4,5, 6}
then
ANB = {3, 4}

To show this intersection by Venn diagram

we draw (4)

t

(4)
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Again, it should be apparent that
ANB =BNA

In a later discussion we will relate the in-
tersection of A and B to A-B.

PROBLEMS;

Let A = {1, 3, 5},
C=1{3,4,5,6,17
Find

B = {1, 2, 3, 4}, and
1. ANB

2. ANnC

3. BNC

4. AnA

5 (AnB)nC

ANSWERS:

1. {1, 3}

2. {3, 5}

3. {3, 4}

4. {1, 3, 5}

5. {3}
DIFFERENCE

We say that the difference of two sets A and
B is the set of elements which belong to A but
do not belong to B. We indicate this by writing
A - B; thatis, A-B = {x|xe A, x¢/B}. To

show this difference by a Venn diagram we
draw (5)
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A minus B is the area which contains the posi-
tive slope shading only.
An example using numerals is as follows:
If

A= {1,263, 4}
and
B = {3, 4,5, 6}
then
A -B =112}

This is shown in Venn diagram form by draw-

ing (6)

(6

PROBLEMS:

Let A = {1,3,5}, B = {2,4,5}, and C =
{3, 5}

Find

1. A-B

2. A-C

3. B-C

4, B - A

5. A - A

ANSWERS:

1. {1, 3}

2. {1}

3. {2, 4}

4, {2, 4}

5. {} or 8
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COMPLEMENT

We say that the complement of a set A is the
set of all elements within the universe which do
not belong to A. This is comparable to the uni-
verse U minus the set A. We indicate the com-
plement of A by writing A; that is, A = {x|xeU,
x ¢ A}, Shown in Venn diagram form this is (7)

(7

The area which is not shaded isthe complement
of A; that is, A,

An example using numerals to show the com-
plement of A is as follows:

i

A=1{1,2 3, 4} B = {3, 4,5, 6}

then

and

A=1516,7,8---}

where we assume the universe U to be the set
of natural numbers 1,2, 3, -+,
Shown in Venn diagram this is (8)

N -
H oW
q-.u:m:

=

(8)]

where the shaded area is the complement of A,

If we now use the previous informationgiven,
we find that the union of A and its complement
Ais

AUA=1U

Also, the intersection of A and its comple-
ment A is
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and the complement of the universal set U isthe
empty set @; that is,

and

PROBLEMS:

Let A ={2,3,4}, B ={2,4,6}, C = {4,5,6},
and the universe U = {1,2,3, ..., 10},

Find
1. A
2. B
3. (AUCQ)
4, (AN B)
5. (B - C)
ANSWERS:

1. {1,5,6,1,8,9, 10}

2. {1,3,5,7, 8,9, 10}

3. {1, 7,8, 9, 10}

4, {1,3,5,6, 7, 8,9, 10}
5. {1,3,4,5,6,7,8,9, 10}

LAWS OF ALGEBRA OF SETS

We will discuss the relations that exist be-
tween sets and the operations of union, inter-
section, and complements. These operations
satisfy various laws or identities which are
called the algebra of sets.

We will use an intuitive approach to under-
standing these laws and in most cases will show
the laws by use of Venn diagrams,

IDEMPOTENT LAWS

The relations AUA = A and AnA = A
are the idempotent identities. Since the union of
two sets A and B is {x]x€ A or x ¢ B}, it fol-
lows that

AUA =A
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Also, since the intersection of two sets A and B
is {x|x € A, x e B}, it follows that

ANA=A

Venn diagrams to show this are as follows:
(We show each A and how it is shaded.)

and

In both cases the cross-hatch is the solution
area.

ASSOCIATIVE LAWS

The relations (AUB)u C = Au(BuUC) and
(ANBYNC = AN(BNC)are the associative
identities. We show these as follows:

(AuB)UC —_ AU (BuUC)
A NN P SN

where the area with any shading is the same in
each case,
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Also,

o

= (AUB) 6 (AUC)

Ay (BNC)

NN

SR

p=]
0.///.
Oy

J

)/ Q) X \R¥
mo".w.».ou.moué \
RXXIRLN

DO
LR

X/

(ANB) NC
SN

S

and

where the cross-hatched areas are the same,

(ANB) U (ANC)
NN

Vi

AN (BUC)

A

KX

5
N

COMMUTATIVE LAWS

BUA and ANB=

The relations AU B
B A are the commutative identities,

are shown as follows:

They

BUA
X

2

IDENTITY LAWS

U,

]
w8
©
j]
> g
)
< ..
.,VS
< o
__hm
&3
-
) w
) . oa
=
< =
..m__w
w5
< [0)
o ©
£<3
w T w
0 g5
2 .=
a R
....Ar
o O
n —t
Pt}
£7 8
,\Mm
< oo

AUB

AL O

and

AUDG: A
(74

-

Q)

Z4

BNA
R

—

AN B
N

e

AuuU=U

00009 %,
ol

N\

77 N NN

DISTRIBUTIVE LAWS

~“(BuC) =

(AUB) N{(AUC) and A
(A B) . (A riC) are the distributive identities.

Au(BnC)

N and
They are shown as

U distributes over

indicate that

They

distributes over U,

follows:

that M

and
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ANU: A
VZANN -4

ANG=@
Vi

COMPLEMENT LAWS

These laws state that A U A= U, A= A,
A A =¢and U = @, § = U. These are shown

as follows:

AUA:-U
VZAR\N

ANA: @
V28N

\\
U

DE MORGAN'S LAWS

_ DeMorgan's laws are indicated by (A U B) =
AnBand (ANB) = AUB,

in Venn diagram form by the following:

\/
()

()

X

S5

9,

SO

| >
o<
IS

XY
’.’.’.‘

X)
Q

b

They are shown

where (A U B) is the unshaded area and A n B
is the crosshatched area. Also,

o

C
.V
X

%

&

o}
\\\\\\\\ E
LOOOOOON0
OO0
OGO
'.:.0 77’0.0

.V v,
&0
)

7,

OO

where (A N B) is the unshaded area and A U B
is the shaded area.

PRINCIPLE OF DUALITY

This principle of the theory of sets states
that if we interchange the operations of union
and intersection and also interchange the uni-
verse and null set in any theorem then the new
equation is a valid theorem. We may show this
by the following:

(BUCIN A = {BNA) U (CNA)
AN i N\

Now, the dual of
(BUCN A =(BnAU (Cn A) (1)

is

(BNCYUA =(BUAYN (CU A) (2)

Since we have shown equation (1) to be true,
then by the principle of duality equation (2) is
true, We may show equation (2) to be true by
writing
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(BNCYUA =
2 N\ Y4

= (BUA)D (CUA)

The following examples illustrate the use of

some of the laws of the algebra of sets to

™ change an expression from one form to another.

cated.

EXAMPLE: Prove that

The following is a summary of the laws of
the algebra of sets and the principle of duality:

Idempotent Laws

SOLUTION: Write

EXAMPLE: Prove that

Cr(BuA)=(CnB)u(CnA)

The particular law used in each step is indi-

Cn(BuUA)=(CNB)UI(CNA).

Law used

distributive

AvA=4A AnA=4A (AUB)Nn(BUC)=(ANnC)uB.
Associative Laws SOLUTION: Write Law used
AuBuUC (AnBnC (AUB)N(BUC)
=Au(BUC) =ANn(BnC) =(BY A) N(BUC) commutative
Commutative Laws =BU(ANC) distributive
AuB=BUA AnNB=BnA =(ANC)UB commutative
Distributive Laws
AU(BnC) AN (BuC) EXAMPLE: Prove that
=(AuB)n(AUC) =(AnB)uU(ANC) (ANB)U(ANnB)=A.
Identity Laws SOLUTION: Write Law used
Aufd=A ANU=A (A N B) U (A NB)
AUU=U Ang=g =AN(BUB) distributive
Complement Laws =ANU (s:ﬁtr)ns ‘:ig:?ﬁ;:
AUuA=U AnA=¢ = A identity
A=A U=0¢,8=U
DeMorgan's Laws EXAMPLE: Provethat A U (A N B)=A u B.
- - _ SOLUTION: Write Law used
(AuUB)=ANB (ANnB)=AUB AU(KOB)
Principle of Duality =(A UA) N (A UB) distributive
(BUuC)nA=(BNA)U(CNA) =UN(A U B) complement
substitution
(BNC)uUA=(BUA)N(CUA) =AUB identity
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EXAMPLE: Prove that A U (A N B) = A. EXAMPLE: Prove that (A U U)n(A 1 @) =§.
SOLUTION: Write Law used SOLUTION: Write Law used
AuUn@An®=Un(AnNng@ identity
AU(ANB)=(ANnU U(ANB) identity substitution
substitution
=Ung identity
=An(UuB) distributive substitution
=ANU identity =¢ identity
substitution EXAMPLE: Prove that
=A identity AUBUGO=ANB NANC.
EXAMPLE: Prove that A N (A U B) = A. SOLUTION: Write Law used
SOLUTION: Write Law used AuBUC=AUBNC DeMorgan
=(AUB)N(AUC) distributive
An(AuB)=A U@ n(AuUB) identity
substitution =(ANnB)n(ANnC) DeMorgan
=AU (@ nB) distributive EXAMPLE: Prove that (A U B) = A 1 B.
SOLUTION: Write Law used
=Ay¢d identity _ - -
substitution (AUB)=ANB DeMorgan
=A identity =ANB complement
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CHAPTER 7
BOOLEAN ALGEBRA

The father of Boolean algebra was George
Boole, who was an English logician and mathe-
matician. In the spring of 1847, hewrote a pam-
phlet on symbolic logic. Later he wrote a much
larger text on which are founded the mathema-
tical theories of logic. He did not regard logic
as a branch of mathematics, but he did point
out that a close analogy between symbols of al-
gebra and those symbols which he devised to
represent logical forms does exist.

Boolean algebra lay almost dormant until
1937 when Boole's algebra was used to write
symbolic analyses of relay and switching cir-
cuits. Boolean algebra has now become an im-
portant subject to be learned in order to under-
stand electronic computer circuits.

CLASSES AND ELEMENTS

We have previously determined that in our
universe we can logically visualize two divi-
sions; all things of interest in any discussion
are in one division, and all other things not of
interest are in the other division. These two
divisions comprise a set or class called the
UNIVERSAL CLASS. All objects contained in
the universal class are called ELEMENTS. We
also identify a set or class containing no ele-
ments; this class is called the NULL CLASS.

If we group some elements of the universal
class together to form the combinations which
are possible in a particular discussion, we call
each of these combinations a class. In Boolean
logic, these combinations called classes should
not be confused with the null class or univer-
sal class. Actually, these classes are sub-
classes of the universal class. It should also
be noted that the elements and classes in Bool-
ean algebra are the sets and subsets previ-
ously discussed.

Each class is dependent upon its elements
and the possible states (stable, nonstable, or

both) that the elements can take.
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Boolean algebra is that algebra which is
based on Boolean logic and concerned with all
elements having only two possible stable states
and no unstable states.

To determine the number of classes or com-
binations of elements in Boolean algebra, we
solve for the numerical value of 2" where n
equals the number of elements. If we have two
elements (each element hastwo possible states)
then we have 2" or 22 possible classes. Ifwe
let the elements be A and B, then A may be
true or false and B may be true or false. The
classes which could be formed are as
follows:

A true and B false
A true and B true

A false and B true
A false and B false

where we use the connective word "and.” We
could also form classes by use of the connec-
tive word "or'" which would result in a different
form of classes.

VENN DIAGRAMS

Since the Venn diagram is a topographical
picture of logic, composed of the universal
class divided into classes depending on the n
number of elements, we show this logic as
follows.

We may consider the universal class as con-
taining submarines and atomic powered sound
sources. Let A equal submarines and B equal
atomic powered sound sources. Therefore, we
have four classes which are:

(1) Submarines and not atomic

(2) Submarines and atomic

(3) Atomic and not submarines

(4) Not submarines and not atomic

A diagram of these classes is
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A 8 2
z
</
A and not B A and B
| =
Nae -3 dat
| S _
]
B and not A not A and not B

These four classes are called minterms be-
cause they represent the four minimum classes.
The opposite of the minterms are called max-
terms and are shown by

N
AN
AN
>
<
\
(s

N
\

Bor not A not A or not B
-
v //’/f/ %
| i -
ii’f’,"//A - 8 ¢
/; P // -, /2‘
s /
;// I //A
A or not B AorB

We will discuss minterms and maxterms in
more detail later in the chapter.
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BASIC EXPRESSIONS

It has been seen that the Venn diagram may
be used to represent a picture of logic. The
logic previously used was written in longhand,
and used the words "and,"” "or," and "'not."" We
used these words as a basis for combining ele-
ments to form classes in Boolean algebra logic
descriptions. The symbols from sets and sub-
sets are N for "and,” U for "or," and — for
"not.”” The relationships of symbols are given
by the following:

Sets and Boolean
subsets Words algebra
N and
U or +
- not -

The following are examples of these rela-
tionships:

(1) A-Breads Aand B
(2) A+Breads A or B
(3) A readsnot A

Relationships to the previously indicated
classes, about submarines and atomic powered
sound, are

(1) AandnotB = A-B
(2) Aand B = A-B
(3) Bandnot A = B-
(4) not Aandnot B =
also _
(1) Bornot A = B+A
(2) not AornotB = A+B
(3) AornotB = A+B
(4) AorB = A+B
Notice that

> > >
oellelveloe]

are called minterms. As related to algebra,
there is 2 minimum number of terms in each;
that is, one. Notice also that

BtA

A+B

A+B

A+B
are called maxterms. As related to algebra,
there is a maximum number of terms in each.
That is, two.

A further relationship may be made to sets
and subsets as follows:
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A'B=ANB
A-B=ANB
B-A =BnNA
A-B=ANB
If we take any of these minterms, such as A-B,

and find its complement we have, according to
DeMorgan's theorem

(A -B) (A N B)

AUB

A+B

which is a maxterm; therefore the complement
of a minterm is a maxterm.

hu

APPLICATIONS TO SWITCHING
CIRCUITS

Since Boolean algebra is based upon ele-
ments having two possible stable states, it be-
comes very useful in representing switching
circuits. The reason for this is that a switching
circuit can be in only one of two possible states.
That is, it is either open or it is closed. We
may represent these two states as 0 and 1, re-
spectively. Since the binary number system
consists of only the symbols 0 and 1, we employ
these symbols in Boolean algebra and call this
"binary Boolean aigebra.”

THE "AND" OPERATION

Let us consider the Venn diagram in figure
7-1 (A). Its classes are labeled using the basic
expressions of Boolean algebra. Note that there
are two elements, or variables, A and B. The
shaded area represents the class of elements
that are A-B in Boolean notation and is ex-
pressed as:

f(A,B) = A'B

The other three classes are also indicated in
figure 7-1 (A). This expression is called an
AND operation because it represents one of the
four minterms previously discussed. Recall
that AND indicates class intersection and both
A and B must be considered simultaneously.

We can conclude then that a minterm of n
variables is a logical product of these n vari-
ables with each variable present in either its
noncomplemented or its complemented form,
and is considered an AND operation.
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For any Boolean function there is a corre-
sponding truth table which shows, in tabular
form, the true conditions of the function for
each way in which conditions can be assigned
its variables. In Boolean algebra, 0 and 1 are
the symbols assigned to the variables of any
function. Figure 7-1 (B) shows the AND opera-
tion function of two variables and its corre-
sponding truth table.

This function can be seen to be true if one
thinks of the logic involved: AB is equalto A
and B which is the function f(A,B). Thus, if
either A or B takes the condition of 0, or both
take this condition, then the function f(A,B)
equal AB is equal to 0. But if both A and B take
the condition of 1 then the AND operation func-
tion has the condition of 1.

Figure 7-1 (C) shows a switching circuit for
the function f(A,B) equal AB in that there will
be an output only if both A and B are closed.
An output in this case equals 1. If either switch
is open, 0 condition, then there will be no output
or 0.

In any digital computer equipment, there will
be many circuits like the one shown in figure
7-1 (C). In order to analyze circuit operation,
it is necessary to refer frequently to these cir-
cuits without looking at their switch arrange-
ments. This is done by logic diagram mecha-
nization as shown in figure 7-1 (D). This
indicates that there are two inputs, A and B,
into an AND operation circuit producing the
function in Boolean algebra form of AB. These
diagrams simplify equipment circuit diagrams
by indicating operations without drawing all the
circuit details.

It should be understood that while the previ-
ous discussion concerning the AND operation
dealt with only two variables that any number
of variables will fit the discussion. For ex-
ample, in figure 7-2 three variables are
shown along with their Venn diagram, truth
table, switching circuit, and logic diagram
mechanization.

THE "OR" OPERATION

We will now consider the Venn diagram in
figure 7-3 (A). Note that there are two ele-
ments, or variables, A and B. The shaded area
represents the class of elements that are A+B
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') A B t{A,B) = AB

©

(A ) VENN DIAGRAM {B) TRUTH TABLE

i
M

AB

{D) LOGIC DIAGRAM
MECHANIZATION OF t(A,B) = AB

(C) AND SWITCHING CIRCUIT

Figure 7-1.—-The AND operation.

A8 T
ale|c t(4,8,C) = ABC
olol1 0
o{l|o0 0
0411 0
1{o]o 0
170741 0
1110 0
1 1

{B) TRUTH TABLE
(A} VENN DIAGRAM

) i
Ir
Lo .

—d ABC

(D) LOGIC DIAGRAM
MECHANIZATION OF t{A,B,C)=ABC

(C) AND SWITCHING CIRCUIT

Figure 7-2.—The AND operation {three variables).
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A 8 f(A,Bl: A+B
0 0 0
0 i 1
1 0 1
1 1 1

(C) OR SWITCHING CIRCUIT

(B) TRUTH TABLE

(D) LOGIC DIAGRAM
MECHANIZATION OF f{A,B)= A+8

Figure 7-3.—The OR operation.

in Boolean notation and is expressed in Boolean
algebra as:

f(A,B) = A+B

This expression is called an OR operation
for it represents one of thefour maxterms pre-
viously discussed. Recall that OR indicates
class union and either A or B or both must be
considered.

We can conclude then that a maxterm of n
variables is a logical sum of these n variables
where each variable is present in either its
noncomplemented or its complemented form.

In figure 7-3 (B) the truth table of an OR op-
eration is shown. This truth table can be seen
to be true if one thinks of A+ B being equal to A
or B which is the function f(A,B). Thus if A or
B takes the value 1, then f(A,B) must equal 1.
If not, then the function equals zero.

Figure 7-3 (C) shows a switching circuit for
the OR operation which is two or more switches
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in parallel. It is apparent that the circuit wil.
transmit if either A or B is in a closed posi-
tion; that is, equal to 1. If, and only if, both *
and B are open, ‘equal to 0, the circuit will no
transmit.

The logic diagram for the OR operation i-
given in figure 7-3 (D). This means that ther<
are two inputs, A and B, into an OR operatic::
circuit producing the function in Boolean form
of A+B. Note the difference in the diagran:
from that of figure 7-2 (D).

As in the discussion of the AND operation
the OR operation may also be used with more
than two inputs. Figure 7-4 shows the OR on-
eration with three inputs.

THE "NOT'" OPERATION

The shaded area in figure 7-5 (A) represents
the complement of A which in Boolean algebra
is A and read as "NOT A." The expression
f(A) equals A is called a NOT operation. The
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(A) VENN DIAGRAM

|

A
||0|| " ‘u\ non [

(C)OR SWITCHING CIRCUIT

1(ABL):A+B+C
0

————_ QOO O] »

—_0—0—=0 -0 o

—_——o0——-00] @

ettt e et

{B ] TRUTH TABLE

A
8 A+B+C
¢

(D) LOGIC DIAGRAN
MECHANIZATION OF f(ABC)= A+B+C

Figure 7-4.--The OR operation (three variables).

truth table for the NOT operation is explained
by the NOT switching circuit. The requirement
of a NOT circuit is that a signal injected at the
input produce the complement of this signal at
the output. Thus, in figure 7-5 (C) it can be
seen that when switch A is closed, that is, equal
to 1, the relay opens the circuit to the load.
When switch A is open, that is, equal to 0, the
relay completes a closed circuit to the load. The
logic diagram for the NOT operation is given in
figure 7-5 (D).
toa NOT operation circuit and gives an output
of A. The NOT operation may be applied to any
operation circuit such as AND or OR. This is
discussed in the following section.

THE "NOR'" OPERATION

The shaded area in figure 7-6 (A) represents
the quantity, A OR B, negated. I reference is
made to the preceding chapter it will be found
that this figure is identical to the minterm

This means that A is the input
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expression AB; that is, A OR B negated is
A OR B and by application of DeMorgan's theo-
rem is equal to AB.

The truth table for the NOR operation is
shown in figure 7-6 (B). The table shows that
if either A or B is equal to 1, then f(A,B) is
equal to 0. Furthermore, if A and B equal 0,
then f(A,B) equals 1.

The NOR operation is a combination of the
OR operation and the NOT operation. The NOR
switching circuit in figure 7-6 (C) is the OR
circuit placed in series with the NOT circuit.
If either switch A, switch B, or both are in the
closed position, equal to 1, then there is no
transmission to the load. If both switches A
and B are open, equal to 0, then current is
transmitted to the load.

The logic diagram mechanization of f(A,B)
equal A+B (NOR operation) is shown in figure
7-6 (D). It uses both the OR logic diagrams
and the NOT logic diagrams., The NOR logic
diagram mechanization shows there are two
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(A} Venn Diogram (B) Truth Tabte
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A 4/1\ A
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i
|
I

{C) NOT Switching Circuit

(D) Logic Diagram
Mechanization of f(A)z A

Figure 7-5.—The NOT operation.

inputs, A and B, into an OR circuit producing
the function in Boolean form of A+ B. This
function is the input tothe NOT (inverter) which
gives the output, in Boolean form, of A+ B.
Note that the whole quantity of A+ B is comple-
mented and not the separate variables.

TH

fe)

B "N
E = 4N

A
i3

NN
N

The shaded area infigure 7-7 (A) represents
the quantity A AND B negated (NOT), and is a
maxterm expression. Notice that AB is equal
to the maxterm expression A+B,

The truth table is shown for the NAND oper-
ation in figure 7-7 (B). When A and B equal 1,
then f(A,B) is equal to 0. In all other cases,
the function is equal to 1,

The NAND operation is a combination of the
AND operation and the NOT operation. The
NAND switching circuit in figure 7-7 (C) is the

AND circuit pnf in series with the NQOT circuit

e P44 Lia L wan ST A s T wall aN Liialwan,

If either switch A or B is open, equal to 0, then
current is transmitted to the load. If both
switch A and B are closed, equal to 1, then
there is no transmission to the load.

The logic diagram mechanization of f(A,B)
equal AB (NAND operation) is shown in figure
7-7 (D). The AND operation logic diagram and
the NOT logic diagram mechanization shows
that there are two inputs, A and B, into the AND
circuit producing the function in Boolean form
of AB. This function is the input to the NOT
circuit which gives the output, in Boolean form,
of AB. Note that the entire quantity AB is com-
plemented and not the separate variables.

it shouid be noted that in the previousiy dis-
cussed logic diagrams that each input signal
represents the operation of a switch, circuit,
or other component part.

expression that has
be NOTTED. While

the inverter symbol

Generally, a Boolean
been inverted is said to

1y

used
iy useqQ

we have previousl
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alela+s |ram=a+8
0 0 0 1

o |1 1 [

1 {0 1 0

1]t 1 0

(A) Venn Diogrom {8) Truth Toble
A
A+ B A+8

(C)NOR Switching Circult

Figure 7-6.—The

separate from the AND or OR logic diagram
it is common practice to show the NAND or
NOR logic diagrams as indicated in figure
7-8, in accordance with American Standard
for Graphic Symbols for Logic Diagrams (ASA
Y32.14-1962).

The output of a NAND or a NOR gate is a
NOTTED expression. The vinculum is used
to indicate that such an expression has been
NOTTED. Therefore, the output of a NAND gate
having inputs A,B will appear as AB and the
output of a NOR gate having inputs A,B will ap-
pear as A+B, I any of the inputs to a logic
gate are themselves NOTTED a vinculum will
appear over the letter representing an input.
Examples are shown in figure 7-8.

(D} Logic Oiogram —
Mechanization of 1(A, B)2A+B

NOR operation.

OUTPUT USED AS INPUT

The output from one gate may be an input
to another gate. I so, that input will contain
two or more letters. Figure 7-9 (A) shows
an OR gate feeding into an OR gate. There
are four possible combinations of inputs and
logic symbols. These are shown in figure
7-9 (B,C,D,E). Notice that signs of grouping
occur in all outputs except the AND input to
the OR gate. The AB, in this case, is natu-
rally grouped because the letters are writ-
ten together and are separated from C by
the OR sign. Figure 7-10 shows several dif-
ferent cases along with the proper output
expressions.
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/
a |8 AB f{A,B)= AB
A 8 o |o 0 1
4 o {1 0 1
/ v
Vv 1 lo [¢} 1
////;// 1]t 1 0

(A} venn Diagram

(CYNAND Switching Circuit

{B) Truth Table

A
—

8
=

(0) Logic Diagram
Mechonlzation of +{A,8)= AB

Figure 7-7.—The NAND operation.

A A
AB A+8B
B 8
i AND oR
A A
A8 A+8
8 8
NAND NOR
a - ry
X A+B
8 8
NAND NOR

Figure 7-8.—American Standard Logic Symbols.
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Although the vincuium is not used in place
of parentheses or brackets, it is also a group-
ing sign. Consider the NOR symbol of figure
7-11 (A). The AB and C are the inputs to the
OR circuit and form AB+ C., The AB+C is then
inverted to form AB+C, The vinculum groups
whatever portion or portions of the output
expression that has been inverted. Figure
7-11 (B,C,D) gives examples of this type
output.

To determine the output of a logic diagram,
find the output of each logic symbol in the dia-
gram, You should begin with the inputs at the
left and move right, using the output of each
logic symbol as an input to the following sym-
bol, as illustrated in figure 7-12.

When determining the output of a logic dia-
gram, one should be careful of the two most
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(A+8B)+C

[
AB ¢

o e ::DI
AB

(C) . i > AB+C

(A+8)+C

{»)

A+8
(A+8)C

Figure 7-9.—Output as an input.

s

o0 (o >

common mistakes which are leaving out vincula
and leaving out grouping signs.

E
PROBLEMS: Find the outputs of the follow- F ‘
ing logic diagrams. J—'

1.
A-—_D_L ANSWERS:
: ‘ 1. (A+ B)(CDE)
2. (A+B)(C+D)
€ )I 3. (A+B) + (CDE + F)

4. (AB+C +D)[G(E+ F)]

(2]

o
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AD(B+C)

>

she

2]
) {ABNCDIE

(2]

m

{A+B)NBC+D)

@ >
o +
+ ]
o

(A+B)(A+C+D)

A+C+D

BCO A+BCOD+E

%,

A(B+C)

A(B+C)+D

A+B(C+D)
e[a+8ic+D)]

A+8
(a+8){ic+D)E]

(C+DIE_|

AB

AB+(C+DIE+F)
(C+DNE+F)

Figure 7-10.—Examples of grouping.

DEDUCING INPUTS FROM OUTPUTS

In order to draw a logic diagram from an
output expression you should start with the out-
put and work toward the input. Separate, in
steps, the output expression until you have all
single-letter inputs. If letters are grouped,
first separate the group from other groups or
letters, then separate the letters within groups.

To diagram the input that produces A+BC,
you would first separate A from BC by using an
CR logic symbol; that is,

A+8C

You now draw an AND logic symbol to separate
B from C, and extend all lines to a common
column on the left. This is shown by the follow-
ing diagram,

A+ BC

BC

One common mistake in drawing the simplest
possible diagram from an output expression is
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AB

A+B -
(A+B)CD+E)
co+g |

A+8B
\ (A+B)}CD+E}

CO+E }
L

(A+CD)+B(C+E)

Figure 7-11.~Vinculum as grouping sign.

when the expression is similar to AB(C+D).
The mistake is made by drawing

AB

AB(C+ 0}
C

C+D

If the foregoing were your results, you would
have failed to notice that A, B, and (C + D) were
all ANDed together. You should have drawn

)

AB(C+D)
C

which would have saved the use of one gate. A
gate is considered one circuit such as OR,
AND, NOR, etc, - -

To diagram the expression A(B+C)(D+EF)
write

) ABITHD*ER

0+fF

r

I [

PROBLEMS: Draw the logic diagrams for
the following expressions.

1. A+ B(C+ D)
2. (A+B+C)YD+E
3. (A+ B+ C)DE

4, ABC(D + E)

ANSWERS:

ASSIC4DI
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STEP)

A+8B

STEP 2 STEP 3

- (A+8)C
' >[(A+B)C]D

Figure 7-12,--Steps for determining output,

m N

(A+B+CID+E

o

»

A+B+C |

o w

(A+B+C)IDE

>

A+B+C

O o

Is

O |® > »H

ABC(D+E)

o

m

POSTULATES AND THEOREMS

In this section we will discuss the basic laws
of Boolean algebra which enables one to sim-
plify many Boolean expressions. By applying
the basic laws, the digital systems designer can
be sure a circuit is in the simplest possible
algebraic form. The actual application of the
basic laws will be discussed in the following
chapter.
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The laws of Boolean algebra may also be
used for trouble-shooting defective compo-
nents or for locating errors in computer pro-
grams. It should be understood that not all of
the laws are similar to the laws of ordinary
algebra.,

LAW OF IDENTITY
This law is shown as

A

A

and indicates that any letter, number, or ex-
pression is equal to itself. The law of identity
is shown in figure 7-13,

—

Figure 7-13.—Law of Identity.

COMMUTATIVE LAW
The commutative law is:

AB

= BA
and

A+B

B+A

which is shown in figure 7-14, This indicates
that when inputs to a logic symbol are ANDed
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AB = BA

(A)

At+tB=B+A

(B)

i e T D :{}»:Dﬂ

L _o/:,_o)'

BA

AND CKT AND CKT

- =
A 8 a8 8 A | ea
o o o 0 o )
o 1 ° ) ' 0
) o o 1 o )
1 1 1 ) 1 1
hﬂ(_d\‘zouu‘)—‘

Figure 7-14,—Commutative

or ORed, the order in which they are written
does not affect the binary value of the output;
that is,

R(S+T) = (S+T)R
and
A(BC+D+E) = (E+ BC+D)A
ASSOCIATIVE LAW
The associative law is:
A(BC) = (AB)C
and
A+(B+C) = (A+B)+C

which is shown in figure 7-15. This indicates
that when inputs to a logic symbol are ANDed
or ORed, the order in which they are grouped
does not affect the binary value of the output;
that is,

ABC + D(EF)

(AB)C + DEF
and

C+(D+E)+(F+G) =C+D+E+F+G
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A+8 B+A

~-l-lo}lol»

—|Oo| ~|O|>

Law,
IDEMPOTENT LAW

As seen in figure 7-16, if A is ANDed with
A or if A is ORed with A, the output will equal
A; that is,

AA = A
A+ A = A

and
(RS)(RS) = RS

LAW OF DOUBLE NEGATION

This law is:

A=A
which indicates that when two bars of equal
length cover the same letter or expression,
both may be removed. This is shown in figure

7-17. Examples are

AB = AB

and

=l
b ]
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(A)

(A-8)-C=A-(B-C)
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r r (a8iC r T T A(BC)
A B C AB (AB)-C (BC) A(BC)
[+] o] [+] [¢] o] [¢] o]
Q [+] 1 ] [+] [¢] [¢]
o) 1 [+ [*] o} 0 o]
0 1 1 9 [} 0 [
o] 0 [s] o] [o) Q
[s) 1 [+] [] 0 [+
1 o] t [] [+] [s]
1 1 1 [] 1 []
EQUAL
(B) (A+B)+C=A+(B+C)
A
A+8 A
(A+B)+C e Bec At(B+0)
C
o 22 ) N S
o 2 o
\ o (A+8) LoAD 1 e Q' A+(B#C)
) el Qe
" O .(AOB) +C o 8+C Loao
c 2 c AT
b o
A ] ¢ a+8 [a+Biec| B+c [a+(Be0)
0 ) ° ) 0 0 0
0 o t 0 1 1 1
[+] 1 [v] { 1 1 1
] t \ 1 1 ] 1
1 o] 0 1 1 o] 1
U 0 1 1 1 1 1
1 1 0 [] 1 t 1
1 t 1 1 1 1 1
caun.:;
Figure 7-15.—Associative Law.
AA=A A+AzA
A A A AA ::D_‘, A A A+A
0 [2) [*] o)
'ol
A 1 1 1
0" o 1 1 1
1 o
P SO ,9 1
' * Ul 4
mw A e ;: A o0 EQUAL
A EQUAL | A ol__'w" AvAzA
AND CKT

. OR CKT

Figure 7-16.—Idempotent Law.
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=
AzA
A I Zx —
‘ IIOII ° 1 o
—4 ?.‘lT—N 1 0 1
0"0" -
ol A EQUAL
“1"
™
/ i
o
Il'l
LOAD

I
lr
Figure 7-17.—Law of Double Negation.
COMPLEMENTARY LAW
This law is stated as:
AA
and

A+A =1

which indicates that when any letter or expres-
sion is ANDed with its complement, the output
is 0. Also, when any letter or expression is
ORed with its complement, the output is 1, This
is shown in figure 7-18, Examples are:

CDCD

0

ABC + ABC

LAW OF INTERSECTION

As shown in figure 7-19, if one input to an
AND circuit has a value of 1 the output will take
the value of the other input. That is, if the two
inputs to an AND circuit are 1 and A, then when
A is 1 the output will be 1 and when A is 0 the
output will be 0. If the inputs are 0 and A, then
the output will always be 0.

The law of intersection
following:

is given by the

A-1=A
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and
A-0=0
Examples are:
AB-1 = AB
and
CD:0 =0

LAW OF UNION

As shown in figure 7-20, if one input to an
OR circuit has a binary value of 1, the output
will be 1, If the inputs are 0 and A, the output
will be the same as the value of A.

The law of union is given by the following:

A+1=1
and

A+0=A

Examples of this law are as follows:

1+ ABC

1
and

E + 0(AB)

LAW OF DUALIZATION
(DeMorgan's Theorem)

To split a vinculum that extends over more
than one letter, and to join separate vincula
into one vinculum requires the use of the law of
dualization. This law is commonly referred to
as DeMorgan's theorem. This law is shown in
figure 7-21,

DeMorgan's theorem may be written as
follows:

AB = A+B

and

>l
wi
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(A) {B) _
AR=0 A+ A=t
A—a- ) o a [ & | AR f:D_l_, A | A [a+R
K 0 1 0 A 0 1 1
1 ) 0 Lol
"""" A Ny L by 1 o] 1
\ Jgh \ o0 L — A
A \ :
o= : ¥
1 A" ZQUAL
- EQUAL
AA=O T0 O
l I AND CKT ? TO1
—
Figure 7-18,—-Complementary Law.
(A) A+0 =1
A+O A o] A+0O
0 | ao ? g ?
) 0 —_ "o
o | o Aa/;
" EQUAL
rom
EQUAL 0 o/; A+QO:A
Too I 1" OR CKT
{+
1+A=
(B)
(B)
A1)z A 1 , 1 a J1+a
A A1) A 1 [am A 1 o 1
:13_' 0 1 0 1 1 1
! "t ! 1 1 A 0" ——
A I‘O" oo O/;}. = \
! EQUAL ! EQUAL
; o o
A(1):A 1 .
AND CKT Jé; 14+A:%
OR cxr%

Figure 7-19,—Law of Intersection.

Whenever you split or
change the sign of operation.
OR, or OR to AND.

In applying this theorem it should be re-
membered that when a vinculum covers part of
an expression, the signs under the vinculum
change and the signs outside the vinculum do
not change; that is,

join a vinculum,
That is, AND to

ABC+D+E=A(B+C)+DE
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Figure 7-20.—Law of Union,

Notice that the grouping of letters must be
maintained.

DISTRIBUTIVE LAW

There are two parts to the distributive law
as shown in figure 7-22. The first identity is

A(B+C) = AB + AC
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(A) (A¥8) = &8

—_— a
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] 0 i AB

* A ;ion
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g o {1 - ol ——
“ § 109 3 lo0 B
L - K
A B JA+B |(A$B) A 8 A -] AB
[+) ) [:) 1 0 0 ] 1 1
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1 (] 1 [¢] 1 [+ (o] 1 [+]
1 1 1 0 1 1 o] o] 0
+» EQUAL
AB : A+B
(8)
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i ~ nyn LOAD
AB LDAD oo A
P A+8
B
A 8 AB AB X B A+B
0 0 0 1 1 [ ',
[} 1 [*] | L [¢] 1
1 [¢] 0 1 ] 1 1
1 0 1 0 0 0 0
EQUAL Y

Figure 7-21.—Law of Dualization.

and in order to obtain an output of 1 the A must ALGEBRA. If this law did apply to ordinary

be 1 and either B or C must be 1, This law is algebra itwould indicate that addition distributes
similar to the law of algebra which states that over multiplication. In Boolean algebra this
multiplication distributes over addition. is true. Examples of the distributive law are
The second identity is as follows:
A+BC = (A+B){(A+C) A(B+C+D) = AB+ AC + AD
and

and in order .to obtain an output of 1, at least
one term in each of the parentheses must be 1,

THIS LAW DOES NOT APPLY TO ORDINARY A+ (B+C)(D+E) = (A+ B+ C)(A+D +E)
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A(B+C)=(AB) +(AC)

(A)

AB

AB +AC

A(B+C)

8+C

AB+AC

AC

0",

AB

A(B+C)

8+4C

EQUAL

A+BC = (A+8)(A+C)

(8)

(A+D) (A+C)

A+0C

A+0C

(A+8)(A+C) 7

(A+BNA+C)

A+C

A+B

A+ BC

8cC

EQUAL

Figure 7-22,.—Distributive Law.
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and indicates that the output is 1 whenever A

LAW OF ABSORPTION
is 1. Examples are

The law of absorption is shown in figure
7-23. This law is written as D(1+E)=D-1=D
and
A(A +B) = A A+AB+AC=A(1+B+C)
and =A-1
A+AB=A =A
(A) (B)
A(A+B) = A A+ (ABI=A
A A
B ‘ 8 |
lloll I
P LS -
5 A | A(A+B) AN
+_e(//(pq - ol————————  A+(aB)
O—yq ”0” _W’—- E u°u uou
8 ’ _ A )n " 8 }hl'l
A B A+8 A{A+B) A AB A+(AB)
0 0 0 0 0 0 o) o
0 ! ! 0 0 | 0 )
] 0 i | I 0 o i
i ! ] ! | | | |
t EQUAL K [} EQUAL k)

Figure 7-23.—Absorption Law.
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CHAPTER 8
BOOLEAN SIMPLIFICATION

This chapter will be devoted toward under-
standing how output expressions may be sim-
plified by various methods. By proper appli-
cation of simplification techniques the systems
designer can be sure a circuit is in its simplest
algebraic form. It is obvious that the more
simple a circuit is the fewer components are
needed and the cheaper the cost will be to con-
struct the circuit,

It should be understood that there are cases
where the simplest electronic circuit is not the
result of the simplest algebraic expression;
however, by application of Boolean algebra to
manipulate a simplified expression, a designer
can obtain a circuit that is simplest from an
electronic viewpoint.

After a designer determines his Boolean
function by means of the minterm or maxterm
expression, he must know whether this expres-
sion may be simplified. By simplified, we mean
that another expression may be determined that
will represent the same function with less
equipment. For example, the designer may ar-
rive at the function f(A,B,C) = AB + BC + BC +
AB. This function can be simplified to give
f(A,B,C) = AB + BC + AC which may be easier
to construct,

ORDER OF EXPRESSION

When describing Boolean functions, it is of-
ten necessary to identify them as to their order.
The order is defined, for example, so that the
cost of the logic circuit may be determined
without constructing the circuit, Higher order
expressions generally result in more cost to
construct the circuits.

To determine the order of a Boolean expres-
sion, we must first inspect the quantity within
the parentheses. If this quantity contains only
an AND operation(s), or only an OR operation(s),
this quantity is first order. If the quantity con-
tains both an AND and an OR operation(s), it is
considered a second-order quantity.

The next step is to consider the relationship
of the quantity within the parentheses and the
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other variables within the brackets of the ex-
pression. Again, if the parenthesized quantity
is combined with the other bracketed variables
with either an AND operation(s) or an OR opera-
tion(s), the order is increasedaccordingly. This
process is continued until the final order of the
expression is obtained.
To find the order of the expression

[(AB+C)D+E|]F+G
first consider the parenthesized quantity
(AB + C)

This quantity contains an AND operation and
an OR operation; therefore, it is second-order.
Now consider the quantity in brackets; that is,

[taAB+ C) D+ E]

The parenthesized quantity (second-order)
is combined with an AND and an OR operation;
therefore, the quantity in brackets is fourth-
order. Finally, the quantity in brackets (fourth-
order) is combined with an AND and an OR op-
eration in

((AB+C)D+E|F+G

and the entire expression is then sixth-order.
To find the order of the expression

[(AB)(CD + EF) + G]

begin with the parenthesized quantity which has
the highest order; that is

(CD + EF)

It contains both AND and OR operations and is
therefore second-order. The quantity in brack-
ets contains a second-order quantity combined
with both AND and OR operations and is a
fourth-order expression.
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SIMPLIFICATION

Since one input signal may accomplish the
function of another, we may, in many cases,
eliminate the superfluous signal. We use the
basic laws of Boolean algebra in order to elim-
inate parts of expressions without changing the
logic state of the output.

It is important to recognize whether one part
of an expression is equal to another; that is, by
recalling the commutative law we find that

ABC = BAC

[
o]
(=%

AB+C)=(C+B)A

Previously, when writing output expressions
in order to reproduce circuit diagrams, we use
parentheses in all cases except for ANDed in-
puts to OR symbols. In simplification, we use
parentheses only when we have an ORed input
to an AND symbol. That is,

A— \ A(B+C)
B+C — /

The other three cases are shown without pa-
rentheses as follows:

A— ABC
BC—
A : o
~ A+B+C
B+C
A
B

and

A+BC
C

(AB+C)+ D+ EF
we write
AB+C+ D+ EF
The idempotent law states that
AA = A
and
A+ A=A

This law is used to simplify expressions as
follows:

(AB)(AB) = AB
and

A+B+A+C+B+D = A+A+B+B+C+D
= A+B+C+D

and
ABC + ABC = ABC
PROBLEMS: Simplify the following:
1. (AA)(BB)
2. AB+ (AB + CD)
3. (AB + C)(DE)(ED)(C + BA)

4, (ABC + DE) + CBA

ANSWERS:
1. AB
2. AB+CD

3. (AB + C)(DE)
4. ABC + DE

When simplifying expressions which contain
negations, the use of the law of double negation
is used. This law indicates that whenever two
negation bars of equal length cover the same
letter or expression, both bars may be removed

i St 4 ket
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without affecting the value of the expression. To
simplify the expression

AB
we write
AB = AB
and the expression
AB+C=AB+C
Notice that we removed only two bars from
above AB.

To simplify the expression

A+B+C)+C+(A+B

we use the laws which we have discussed to this
point and write

A+B=A+B
and
C=cC
therefore
A+B+C)+C+(@A+B)
equals

A+B+C)+C+(A+B)

then by removing the parentheses and applying
the commutative law write

A+A+B+B+C+C
then by the idempotent law this equals
A+B+C

~ PROBLEMS: Simplify the following expres-
sions.

1. ABC+D)E +F
2. (ABC + D) (D + B AC)

ANSWERS:
1.ABC+D)E+F
2. ABC + D
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In the discussion of the complementary law, the
logic state of the output is considered. This law
indicates that when any letter or expression is
ANDed with its complement, the output is 0.
When any letter or expression is ORed with its
complement, the output is 1; that is,

AA=0
and
A+A=1

The logic state of
A+B)(A+B)=0
and the logic state of
AB+AB=1

To simplify the expression

ABC + A{CB)
we write
ABC + A(CB)
ABC + ABC
and notice that
ABC

is the complement of
ABC
therefore
ABC + A(CB) = 1
PROBLEMS: Simplify the following expres-

sion.
1. AAA
2. (A + A) AA .
3. A(BBC) D + (AB)(CD)

ANSWERS:
1.0

2.0

3.1
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Since intersection indicates the AND opera-
tion, we concern ourselves with the law of in-
tersection for simplification of ANDed opera-
tions. The law of intersection is

Al=A

and

A0=0

Therefore, whenever we have an input of 1
ANDed with an input A, the output will have the
same binary value as A, Also, if the input 0 is
ANDed with A, the output will have the pinary
value of 0.

This is best illustrated by the diagrams.
two inputs to an AND circuit are

A —
Q =t

the output will be 0. If the two inputs are

A —
11—

then the output will take the value of A; that is,
if A is 1, the output is 1; and if A is 0, the out-
put is 0.

To simplify the expression

If

(AB+C)0
we need only consider this as straightforward

multiplication and write the answers as 0.
To simplify the expression

(AB+C)(D+E)'1

we apply the same logic and write (AB+ C)(D + E).
When we desire to simplify an expression
such as

(A + B)(A + B)(C + D)
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we use the complementary law to find
(A+B)(A+B) = 0
and the law of intersection to find
olc+D) =0

PROBLEMS: Simplify the following expres-
sions.

1. A(B+ B)

2. A+ (B+BA

3. (A + A)(BC + DE)

ANSWERS:

1. A :

2. A

3. (BC + DE)

The law of union is used in simplifying ex-
pressions in somewhat the same manner as
the law of intersection is used. The difference

between the two laws is that the law of union is
considered as straightforward addition; that is,

A
1

14A=1

and

A
0]

T

To simplify the expression

A+B+1

we write the answer as 1 because we may have
only 0 or 1 as the output; and sincewe are using
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the process of addition; the values that A and B
take have no effect on the output.

DeMorgan's theorem is a useful tool in sim-
plifying Boolean algebra expressions. It is pre-
sented basically in the following two equations:

A+ B =AB
AB = A+ B

These equations indicate that in the process
of simplificationwhenever you split or join vin-
cula you change the sign; that is, AND to OR, or
OR to AND.

When applying DeMorgan's theorem to the
expression

A+B+C

write

ABC

Further examples are:

A+ B+ C = ABC
and
21_3(_3 =A+B+C
It should be noted that whenyou change signs
in an expression you must group the same let-
ters that were originally grouped; that is,
AB+C = (A+ BYXC

Other examples are:

and
(A+B)yC+D=(AB+C)D

In cases where the vinculum covers part of
an expression, the signs under the vinculum
change while the signs outside the vinculum do
not change; that is,

A+B(C+D)+E = A+ (B+CDE
and

(AB+ C)D+ EF = (X+_B)6+D+E+-F—'
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Using DeMorgan's theorem to simplify
AB+CD+A+B
we write
A+B = AB

then substituting we have

AB + CD+ AB
and
AB+AB =1
therefore
AB + CD + AB
=1+CD._
=1

We may also split a vinculum to simplify an
expression as follows:

A+ B+ CD+ AB

A+B+CD+X+§

A+K+ B+§+CD

1+41+CD
=1

In some cases it may be necessary to ma-
nipulate one part of an expression so that it is
the complement of another part of the expres-
sion. This may be accomplished in the follow-
ing manner,

If, when simplifying the expression

[A+ B(C + D)J[AB(C + D)} + E

we choose to split the vinculum in the first
parentheses, we have

A+B+CD
which is not in a more simple form. There-
fore, we elect to add two vincula over A and
have

A+ B(C+D)
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then we join the vincula to find
A B(C + D)

which is the complement of the expression in
the second parentheses., Then,

[A B(C+D)J[AB(C +D)] = 0
and
0+E =E

When simplifying expressions involving vin-
cula, it must be understood that if any letter in
an expression has more than one vinculum over
it, the expression is not in the simplest form;
that is, the expression

A+ BC

is not in the simplest form. In this case we
would split the long vinculum and have

(B+C)

]

which simplifies to
A(B+ 6)

In order to simplify the expression

(A+B)C+(D+E)F

by the methods discussed would require many
steps. An easier method is to remember that if
one vinculum is removed the operation changes,
and if two vincula are removed the operation
remains the same; that is,

= 4+

+1 -t
i}

+ +

Using this technique to simplify the expression
ARB+ Q)

we think

|
S
+ 1
Qll

and write
A+B+C

To simplify the expression

AB(C+DE)+F

we think
A'B.[C+D-E|+F
and write
[A+B+[C-(D-E)]]-F
and then

(A+ B+CDE)F

We used the double brackets and parentheses in
order to maintain the proper groupings.

PROBLEMS: Simplify the following expres-
sion,

1. (A+ A)(BC + C + B)

2. AB+C)(A+B)C

ANSWERS:
1. BC

2, AB+ C

To this point in our discussion we have de-
termined there are two ways in which DeMor-
gan's theorem may be applied in simplifying
expressions. First, we may join vincula to .
form the complement of a term or expression.
Second, we may split vincula and then apply
other laws to further simplify the expression.

In many cases an expression may not be
simplified in one form while simplification of
the expression may be accomplished if the ex-
pression is in another form. The distributive
law is one which enables us to change the form
of an expression. The distributive law contains
two identities. These are:

A(B+C) = AB+ AC
and

A+BC =(A+B)A+C)
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Notice that the second identity is true for Bool-
ean algebra but is not truefor ordinary algebra.
The following conversions of expressions from
one form to another form is given for under-

standing the distributive law.
A(B+C+D) = AB+ AC + AD
AB (C + D) = ABC + ABD
and
A+BC = (A+B)(A+0C)

A + BCD

"

(A+B)Y{A+C)YA+ D)
Notice in the conversion that either side of the

equations may be changed to the other form.
That is,

ABC + ABD = AB (C + D)
and

(A+B+C)A+E+F) =A+(B+C)E+F)

In ordinary algebra the first of these equa-
tions was called carryout the distributive law
and the last two equations were called factoring.

The expression

AB + AB

cannot be simplified in its present form but by
application of the distributive law we have

AB+ AB = A (B + B)

f

I

A-l

A

it

Also in this category is

(A+ B)(A + B) A+ (B B)

A+0

A

PROBLEMS: Convert theform of each of the
following expressions to another form.
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1. AB+ CDE

2. ABC + ABD + ACD
3. (A+ B)(A+ D)

4, (A + BC)(BC + D+ E)
ANSWERS:

1. (AB + C)(AB + D)(AB + E)

2. A(BC + BD+ CD)
3. A+BD
4. BC+ A (D+E)

In the previous discussion of the distributive
law, the change of the form of the expressions
is used to aid simplification. The final deter-
mination of which form to use is made by find-
ing which form requires fewer gates. There
are no hard-and-fast rules which may be used
to determine which form is more simple.

For our discussion we will consider the
more simple form of an expression as having
no vinculum extending over more than one letter
and having no parentheses.

PROBLEMS: Simplify the following expres-
sions.

1. AB+ ABC
2. ABC + ABC
3. AB (AE + B + CA)

ANSWERS:
1. AB+C

2, AB

3. ABE

The law of absorption is very closely related
to the distributive law in that we use the dis-
tributive law to show the law of absorption. The
law of absorption is shown by

A+AB = A

and

AA+B) = A
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If we take
A+ AB
and factor out an A we have
A(l+B)
=A-1
= A

and also

A(A+B)
= AA + AB

= A+ AB

where we used the distributive law.

Actually, the law of absorption eliminates
terms of an expression which are not needed.
This may be seen in the following.

In the expression

ABC + AB

f A and B each have the value of 1, then the
output value is 1 regardiess of the value of the
term ABC. Therefore, the term ABC is not
necessary because the only values which will
make ABC equal 1 is for A, B, and C to each
have the value of one and we have already
agreed the output is 1 if A and B are equal to 1,

When we use the law of absorption to sim-
plify this expression, we have

ABC + AB
= AB(C+1)

= AB

PROBLEMS: Simplify the following expres-
sions,

1. AB + ABC + ABCD
2. AB+ ABC+A
3. AB+CD+ ABE
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ANSWERS:
1. AB
2. A
3. AB+CD

The law of absorption is also used to sim-
plify expressions of the type

AAB
To simplity this expression we write
AAB=A (=A‘ + B)
=A(A+ E)
=A+AB
= A(l+B)
= A

Also, to simplify

A(B+C+A+DD

we write
AB+C+A+D)D
=A(B+C+AD)D
= AD(B + C + AD)
= ABD+ ACD+ AD
=AD(B+C+ 1)
= AD-1
= AD

PROBLEMS: Using any or all of the

basic laws discussed, simplify the following
expressions,

AB+CD5+-B:-—S
A+ B+ ACAC
(BB + AA) C
ABC (B + B)

*?’NO—‘
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ANSWERS:
1. AB

2, A+B
3. AC
4. ABC

VEITCH DIAGRAMS

There are many cases in which simplifica-
tion of an expression is so involved that it be-
comes impractical to attempt the simplification
by algebraic means. This sgituation may be
averted by the use of the Veitch diagram. Veitch
diagrams provide a very quick and easy way
for finding the simplest logical equation needed
to express a given function or expression. A
Veitch diagram is a block of squares on which
you plot an expression,

As previously mentioned, we will consider
&n expression as being in simplified form when
no vinculum extends over more than one letter
and the expression contains no parentheses.
This process results in an expression in min-
term form. Recall that a minterm is the sym-
bolic product of a given number of variables;
that is,

ABC
is a minterm of three variables and

ABCD

is a minterm of four variables.

An expression is in minterm form if it is
composed only of minterms connected by the
operation OR sign. An example of a minterm
form expression is

AB + C + DEF
while
AB+C+D(A+C)

is not in minterm form.

In order to place any expression in minterm
form we need only split or remove vincula,
remove parentheses, and simplify within the
term. When the expression is in minterm
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form, further simplification is unnecessary if
Veitch diagrams are to be used; that is, to
convert the expression

A+ B+RS

to minterm forms, we write

o
+

B + RS

B + RS

>

which is in minterm form.

PROBLEMS: Convert the following expres-
sions to minterm form.

1. A+B+CD

2. ABC + D(E + F)

3. ﬁ+CD+EB+E~a}+?
4. (AB+C)B+ D(E + D)
ANSWERS:

1. A+B+C+D

2. ABC + DE + DF

3. AB+CD+EB+BC+D+E

4. AB+ BC + DE

In order to form a Veitch diagram it is nec-
essary toknow the number of possible minterms
which may be formed from the variables in the
expression to be simplified. To determine the
number of minterms, raise 2 to the power of
the number of variables; that is, if we have three
variables, then we have 23 minterms possible,

When we construct a Veitch diagram, there
is one square for each minterm. A three-
variable Veitch diagram is drawn as
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and a four-variable Veitch diagram is drawn as

We label a Veitch diagram of eight squares as

A X
—A V‘—A\
B
B
k__\,__/
(o] C (of

Notice that haif of the squares are assigned
to each variable and the other half of the
squares are assigned to the complements of the
variables, Also, each variable overlaps every
other variable and every complement except its
own,

When we plot an expression such as A + B,
we place an X in every square that is A and in
every square that is B; that is,

A K
A A
r ~\*~ N
Bl X | X | X |X
Bl X | X
T o C

If we desire to plot the expression

A+C
we write
A K
B X X X
B X I X | X
T C T
and to plot C we write
A ).
Bl X X
i X X
[of o [of

When we plot a term such as AB, we plot
only the squares common to both A and B; that
is,

A X
A A
B| X X
B
Lﬂ._/
T C T

and when we plot a term such as ABE, we
write an X in the squares common to all those
variables; that is,
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A K
I A ‘\"_A =
B| X
B
T c T
To plot an entire expression we plot each
term on the same diagram., To plot the
expression
AB + CB + ABC
we write
A X
—A \f—_’( N
B| X X X
B
T C [of

PROBLEMS: Plot the following expressions
on Veitch diagrams.

1, BC+ A
2. AC + BC

3. CB+ AC + BC + BA

ANSWERS:
1,
A K
—A 1"—A \
B| X X X
g X X
T c [o
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2.

A X
fAWf"_A N
B X
3| X X | X
;_\(__./
T C T
3.
A K
A A
s N \
B X X
g X X X X
W
T c (o}

It should be noted that when plotting squares
common to variables of a minterm a single
variable term occupies four squares, a two-
variable term occupies two squares, and a
three-variable term occupies one square.

To extract the simplest expression from a
Veitch diagram we look for, in order, four
plotted squares which may be described by a
one-variable term, two plotted squares which
may be described by a two-variable term, and
then one plotted square described by a three-
variable term,

EXAMPLE: Simplify the following expres-
sion by use of a Veitch diagram.

ABC + ABC + AB

SOLUTION: First we plot the terms of the

expression or a Veitch diagram by writing

A X
—A—
B X | X
B X t X
——
T C o
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then we follow the previous instructions and and the description of the plots in the fewest
find the single variable term which expresses terms possible is
the plotted squares in as few terms as possible
to be A, Therefore, the expression P
’ p AC + AB

ABC + ABC + AB PROBLEMS: Describe the following Veitch
diagrams in as few terms as possible,

when simplified is

A 1. A X
—A \f—A N
EXAMPLE: Simplify by Veitch diagram the
expression B X
ABC + ABC B X | x
SOLUTION: Plot the diagram by writing r CV r
A K
' Ay —A = 2,
A K
B| X P
Bl X B] X X
Y By X X
T C [+
(of c C
then express the two plotted squares by the
fewest terms possible which is AC.
EXAMPLE: Use the Veitch diagram to 3.
simplify the expression A K
A A
4 Y Al
ABC + ABC + ABC + ABC | x | x X
SOLUTION: Write B X
T c (o}
A X
r A 1/_" N
B| X X X ANSWERS:
Bl X 1. BC + ABC
L—y—/ 2. C
T C T __
3. AB+ AC

[
[
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When describing the plotted Veitch diagram,
you should determine whether any plotted
squares could be described twice. If so, this
will, in many cases, result in the simplest
description.

EXAMPLE: Describe the following Veitch
diagram in as few variables in each term as
possible.

f——i—\f—fﬁ
Bl X | X | X ]|X
Bl X X
t ¢ T

SOLUTION: We could consider the plots as
shown

K
A
N\

S
N

- >

aY

- -]
\\\
N
%
N

N
N\p

7

N
NN

w|
K
N
N
)

and write

1
9]

s
AN

then the description would be

and

BC

C + BC

If we could consider the plots as

)
ANANNN =€

then the description would be
B+C

which is more simple than C + BC because of
fewer variables in one term,

PROBLEMS: Describe the following dia-
grams by the simplest expression possible,

1, A X
A

o} C [o
2.
A X
rAwf—'Aﬁ
B| X X X X
Bl X X X
—V—
o] c T
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3. A x
A A
s =N ™
B| X X
) X X
T C [of
ANSWERS:
1. B+ C
2, A+B+C

3. AC + BC + ABC

At this point it should be obvious that in
order to simplify a Boolean expression by use
of the Veitch diagram process it is necessary
to proceed as follows:

1, Write the expression in minterm form.

2. Plot a Veitch diagram for the variables
involved.

3. Extract the simplest expression from
the diagram.

EXAMPLE: Simplify the following expres-
sion by use of a Veitch diagram,

AB+C+E(KB+K§)

SOLUTION: Employ step (1) and write
AB+C+C(AB+A B) = AB+C+ABC+ABC

Follow step (2) and write

then extract the simplest expression from the
plotted Veitch diagram to find

A+B+C
EXAMPLE: Simplify the expression
AB+BC + AC

by use of the Veitch diagram
SOLUTION: Write

ol
>
>

then extract the expression
BC + AB

To understand the power of the Veitch dia-
gram method of simplification, the reader
should attempt the simplification of AB + B C +
AC by the use of the laws of Boolean algebra.

In the event that an expression contains four
variables, we must determine the number of
squares of the Veitch diagram by using 2%
where n is the number of variables. This re-
sults in 16 squares. We label the Veitch

diagram as
A A
D
B
D
E —
D

il
(@]
ol
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The same process is followed with 16
squares as was followed with 8 squares, The
difference is that with 16 squares a single
variable has 8 squares assigned, a two-
variable term has 4 squares assigned, a three-
variable term has 2 squares assigned, and a
four-variable term is described by a single
square,

To plot the expression

A+B+C+D
we write
A A
X X X % 5
B
X X X
D
X X X X
B
X X X X D
c C c
and to plot the expression
ABC + BCD + ACD
we write
A A
—N
X D
B
X X X
D
X
E —
D
— Y -
C C C

PROBLEMS: Plot the following expressions
on a Veitch diagram.

1, B+ D
2. AB+CD
3. ABD+ BCD+ACD

4, ABCD+ ABCD+ABCD

ANSWERS:
1. _
A A
"
x | x| x| x 5
B
x | x| x| x
D
x| x| x]x
B
D
c C c
2. _
A A
r—%r——H
X X X D
B
x | x
D
E —-—
X X 5
c C C
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- When extracting the simplest expression
A A from a 16 square Veitch diagram, we use the

e — same principles that we used on an 8 square

w1

diagram. The difference is that we now look
X | X X D for the following:
B
X 1. Eight plotted squaresdescribed by a one-
» D variable term.
B
D 2. Four plotted squares described by a two-
variable term.
c c ¢ 3. Two plotted squares described by a
three-variable term.
4. One plotted square described by a four-
variable term.
A A The following are examples of Veitch
N —P— diagrams to illustrate patterns which should
_ be recognized., Generally these patterns
X D are formed by either adjacent squares or
B squares on the opposite ends of rows or
X columns.
D
X
— Examples of squares at opposite ends
B 5 of rows or columns are shown in figure
8-1,
= ; r Examples of adjacent squares are shown
c C C e
in figure 8-2.
A A A A A A
X X ) D X X X X D
B B
D D D
X X
3 B
X X D X X 5 X | x| x| x 5
c c € c c c c c c
X = CD X = BC X=D

Figure 8-1.—Squares at opposite ends of rows or columns.
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A A A A A A
— " — I ——
B B B
X X X
D D D
X X X X X
B B y B
I—‘ D X X X X B
c C C c C T C c C
X = AB X = ABC + ABC X=8
Figure 8-2.—Adjacent squares.
PROBLEMS: Describe the following plots ANSWERS:
as simply as possible.
1. BD+ AD
1. —
A A o L
rJ—ﬁ,—J\-—-\ 2. DC + BD + AC
B D When we are faced with a five-variable ex-
X X pression, we use 25 squares., We label the
D Veitch diagram as
X X X X
E —
D A A A A
= = — "
C C C
D
B
2. -
A A D
T T B
X X X | X D D
B X
C o 9 C c
D \ /\ _ /
_ X E £
B —
X X D
c C Cc In the 32 square diagram we find a one-
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variable term described by 16 squares, a
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two-variable term described by 8 squares, a
three-variable term by 4 squares, a four-
variable term by 2 squares, and a five-variable
term by 1 square.

To plot the expression

ABC+CDE

we write
A A A A
A
X X X D
B
X X
D
B
X | X D
3 k_Y_Jk_L___/\w__J _
C C C C C
N 7 \ — /
£ £

In order to simplify an expression using
a Veitch diagram, we follow the same pro-
cedure as before; that is, to simplify the
expression

E(AC+BC)+B+C+D+E

+CBE+AB+A+B+D+E)+A+B+C

we use the laws of Boolean algebra to write the
minterm expression

EAC + EBC + BCDE + CBE
+ CAB + CABDE + ABC

then plot the Veitch diagram as

159

A A A A
X X hd X X B
B
X X X X X
D
X X
B
X X X X X D
—_ | — _—
C C C C C
— VRN J/
E E

We then extract the simplest expression, as
BE+AC+BDE

BOOLEAN EXPRESSIONS
AND LOGIC DIAGRAMS

The previous sections have dealt with sim-
plification of expressions, plotting V¥eitch dia-
grams, and extracting the simplest expressions
from Veitch diagrams. In order to see the
total value of these functions,we will deter mine
their results by the step-by-step application of
simplification.

If we have the expression

B+{(A+C)A+C)+ A+ C+ ABC

we may draw the logic diagram

B
A

(g]]

>

A

v
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We may question whether this diagram is con-
structed using the fewest gates possible, To
determine this, we employ the laws of Boolean
algebra to change the given expression to min-
term form, We write

> OIDI»

B+(A+E)(K+C)+A+C+AB6

@
|

= BAC + BAC + AC + ABC

then plot these terms on a Veitch diagram as

oocm O
RN

;>
>
ol mi>»>

[~}
>
b

>

l

and upon extracting the simplest expression

from the plotted squares, we find it to be which is identified by the expression

. (X+ B+ C)(AB + D)(B + D+ C)
AB+ C

(A + B +.C + D)(AC + BD)

Our next step is to draw the logic diagram When written in minterm form, this is

for _ _ R
ABC + AD+ BD+ BDC + ABCD + AC + BD
AB+C and when plotted, it appears as
which is —
A A
- ! e )
C_ X i)
A B
g — X I x| x|x
D
X X X X
B
X X D
Another example of this technique of _ ¥-ﬂr—’
simplification is given using the logic dia- C C c
gram

160
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Simplification of these squares results in This may be further simplified as
D+ CDB + ABCD
which has the logic diagram of

%: D+CDB+ABCD A— AC+BC+D
B— c—

A -

B— B—

161



CHAPTER 9
MATRICES AND DETERMINANTS

While matrix theory, developed in 1858, has
many diverse applications, we will direct our
discussion toward the objective of solving sys-
tems of linear equations.

TERMINOLOGY

We define a matrix as any rectangular array
of numbers. We can consider the entries in a
table of trigonometric functions as forming a
matrix. Also, the entries in a magic square
form a matrix. Examples of matrices may be
formed from the coefficients and constants of a
system of linear equations; that is,

2x -4y = 1
3x+y = 16

2-4 17
3 1 16

Notice that we use brackets to enclose the ma-
trix. We could also use double lines; that is,

can be written

2-4 7
3 1 16

The numbers used in the matrix are called
elements. In the example given we have three
columns and two rows. The number of rows
and columns are used to determine the dimen-
sions of the matrix. In our example the dimen-
sions of the matrix is 2x3, In general, the di-
mensions of a matrix which has m rows and n
columns is called an m xn matrizx,

There may occur a matrix with only a row
or column in which case it is called either a
row or a column matrix, A matrix which has
the same number of rows as columns is called
a square matrix, Examples of matrices and
their dimensions are as follows:

176 9% 3
2 4 8
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I 2x2 or square

2 | 3x1 or column
1

[3 21 1x3orrow

We will use capital letters, as we did with
sets, to describe matrices. We will also in-
clude subscripts to give the dimensions; that is,

A = 132
765

is the matrix designated by A,..

I the situation arises where all of the en-
tries of a matrix are zeros, we call this a zero
matrix. The letter we use for a zero matrix is
0. We also include the dimensions; that is, the
matrix

00

00

has the designation 03xo.

We state that two matrices are equal if and
only if they have the same dimensions and their
corresponding elements are equal. The ele-
ments may have a different appearance such as

01

(=)

1
1

[\*
V-8
wijom
-9

but the matrices are equal.
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Following are examples of matrices which

are equal and matrices which are not equal:

N
o [4 8]
HHIEH
fo1] ,[o 2]

l12] 7 L1

If we interchange rows and columns of a ma-
trix, we form what is called the transpose of
the or1gmal matrlx We designate the transpose

of matrix B as BT: ; that is, if
(3 4 7
B =
2x3 _5 6 9}
then
3 5'|
T Y a
D = 4 0

L7 QJ

PROBLEMS: Give the dimensions of the fol-
lowing matrices.

LR 3]
(7 8 9]
_

2. 2
— 3_

3. 2
l_2 3_

ANSWERS:

1. 2x3

2, 3x2

3. 2x2 (square)
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PROBLEMS: Give the dimensions of the
transpose of the previous problem matrices.

ANSWERS:

1. 3x2

2, 2x3

3. 2x2 (square)

Since two matrices are equal if they have
the same corresponding elements, we may find
an unknown element of one matrix if we know
the elements of an equal matrix; that is, if

RN

PROBLEMS: Find the unknown elements in
the following equal matrices,

(7]

a2

Lol =
[+
(=]
[\

@0

7

©

7

"

then x =1

1 x 2 3 _ 123
79y 79 10
1 x z 6
2, |y 2 =|5 2
_711 7 11
[0 x 01
3. lyz|=|141
23] [z 3]
ANSWERS:
1. x=1
y = 10
2. x =6
=1
3. x =
= 4
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PROBLEMS: Write the transpose of the fol-
lowing matrices.

0
1
2

37 x
2 9 11

z.[

[0
Z W
ANSWERS:
1. [0 1 2]
32
2. |79
x 11

X z |

3. LWJ

ADDITION AND
SCALAR MULTIPLICATION

We may add only matrices which have the
same dimensions. To add matrices we add the
corresponding elements and form the sum as a
matrix of the same dimension as those added.

EXAMPLE: Add the matrices A and B if

62 7]
-130)
and
2 1 3]
B=1o0 -3 6]
SOLUTION: Write
6 2 17 2 13
+
130 0 -3 6
- 6 +2 2+1 7+ 3
-1+40 3-3 0+6

8 3 10

e

When we add the zero matrix to any matrix,
we find the zero matrix is the identity element
for addition; that is,

12 0 0]
+

1 3 4 OOJ

=-1+0 2+0-l

_3+0 4+0J

(1 2

|

Also, in addition of numbers we know that
a number plus its negative (additive inverse)
equals zero; that is,

13 4

(3) + (-3) = 0

This also holds for matrix addition. Toform
the negative (additive inverse) of a matrix, we
write the matrix with the sign of each element
changed; that is, if

-1 -3 -5
2 -6 -7

N

3 -3
6 -6

135

A =
2x3 261

then its additive inverse is

~Agys = {

and

|

-6 -1

-1
+2

135

e
|

[-2 + 2

By subtraction of matrices we mean the ad-
dition of the additive inverse of the subtrahend;
that is,

|

5-5
7-1

000
000

Agxo - Boyo
is the same as
Agyo + (-Byyo)

164
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EXAMPLE: Subtract Bgyo from Agyo if

1 2
A=1568
T3
and
01
B = 7
6 3
SOLUTION: Write
[0 1
B=12
16 3
and
-0 -1
-B = |-2 -7
L‘G -3
therefore
A-B=A4+ (-B)
then

1 - 2 -1
=|5- 6 - 7
7 - 3-3
11
=3 -1

1 0

PROBLEMS: Carry out the indicated oper-
ations.

el A

3. (137 -[23 2

S

ANSWERS:
L[4 3
|3 -3
10

2. 18
L2
3. [-1 0 5]
4 [0 -1
0 2

When solving an equation, in algebra,we iso-
late the unknown and combine the remainder
of the equation; that is, to find the value of x in

X+3=17

we add the additive inverse of three to each
side of the equation to find

X+3+(-3)=174+ (-3)
and

7+ (-3)

x =4

X

In dealing with matrices we use the same
approach; that is, to solve for the variable

matrix in
ab 3 2 76
+ =

we first add the additive inverse of

Y

165
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to each side to find

ab 3 2 -3 -2 76 -3 -2
+ + = +
cd -10 +1 0 21 +1 0
then
ab 00 76 -2

NENRHE

4 4
31
There are two types of multiplication when
dealing with matrices. The first is multiplica-
tion of a matrix by a constant (scalar). The
other is the multiplication of one matrix by
another matrix.

When multiplying a matrix by a scalar, we
write

c d 0
and

ab
c d

scalar K times matrix A

where
K=3
and
A = 2 3
17
is
2 3
K
Every element of A is multiplied by K such that
23
K
17

K2 K3
K1 K7

I

|

and K = 3; therefore

|

|

K2 K3 6 9
3 21

K1 K7
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PROBLEMS:
given scalar.

Multiply each matrix by the

4.621
3 1

ANSWERS:

21
7

0
2. [2 14 2x]

3 0 12 18
6 18 42

4.{ }

In order to explain the multiplication of one
matrix by another matrix we use the example

]

and state that the product is

12 6
18 6

ax + by

Another example is

BN

The element aw + by in the product matrix
is found by multiplying each element in the first
row of the first matrix by the corresponding
element in the first column of the second
matrix.

{aw + by ax+ bz:l

cw+dy cx+dz



Chapter 9—=MATRICES AND DETERMINANTS

The element in the second row and first col-
umn of the product matrix is found by multiply-
ing each element in the second row of the first
matrix by the corresponding element in the
first column of the second matrix.

The following examples should clarify ma-
trix multiplication.

EXAMPLE: Multiply

12
3 4
ib + 2d
3b + 4d
EXAMPLE: Multiply
SOLUTION: Write
[(1x3)+(@2x0) (1x5)+ (2x6)
3x3)+4x0) (3x5)+(4x6)

ab
c d

la + 2¢

|

3a + 4c

12
3 4

35

SOLUTION: Write

|

=—3+0 5412
b9+0 15 + 24
3 17

9 39]

EXAMPLE: Multiply

v

[1 2 3]-

SOLUTION: Write
[(1x3) + (2x4) + (3x0)]
=[3+ 8+ 0]
= [11]
If two matrices are to be multiplied together,
each row in thefirst matrix must have the same

number of elements as each column of the sec-
ond matrix.
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If the left matrix is an n x 3 matrix, the
right matrix must be a 3 x m. The product
matrix will then be an n x m matrix.

It should be noted that generally matrix mul-
tiplication i#8 not commutative. This is shown
by the following:

EXAMPLE: Multiply

(3 2] 2 1]

|1 0] 14|
and

[2 1] 3 2]

(1 4] 10

SOLUTION: Write

o

. 3x2)+(2x1)
1x2)+(O0x1

3 2
10

21
14

3x1)+(2x4
1x1+(0x4)

. (8 11

2 1

and then write
2 1 32
(1 4 10

2x3+(1x1)
(1x3)+4x1)

o

which is different from the first product. Since
multiplication of matrices is not commutative,
we must define multiplication as being either
right or left multiplication; that is, xy means
left multiplication of y by x, and it also means
right multiplication of x by y. Therefore, we
find if we are to multiply x by y we have two
products to choose from; that is, if

it

2x2)+(1x0)
(1x2)+(4x0)

12
3 4

and
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32
Y“l1i s
then-
12] [32] [5 14
Xy = . =
3 4 16 113 30
and
3 2 1 2] [9 14
yx = . -
16 3 4 |19 26

The identity matrices for multiplication are
those square matrices which have the elements
which form the diagonal from upper left to
lower right equal 1 while all other entries are
equal to 0; that is, the matrix

o

is the 2x2 identity matrix for multiplication.

T

we find the product to be
3 4
5 6

PROBLEMS: Multiply

10
01

3 4
56

10
01

2
1. (13173
1
5 (3 -2} _{2 1}
1 -6 32
5 [3 2] .[1 o}
11 01
. (-2 1] '[2 3}
-4 2 4 6
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ANSWERS:

1. [18]

2. | 0 -1
-16 -11

5. [3 2}
11

4[}

Notice that problem number four infers that
when xy equals zero, it is not necessary for
either x or y to be zero.

We also make the statement that the dis-
tributive laws

00
00

Ax + Ay = A(x+y)

and

XA + yA

(x+ A
hold as does the associative law

A(BC) = (AB)C

DETERMINANT FUNCTION

We may evaluate a square 2x2 matrix and
associate the matrix with a real number by
adding the product of the elements on one di-
agonal to the negative of the product of the ele-
ments on the other diagonal; that is,

<o)

may be associated with aD - Bc. We call this
number the determinant of the matrix. NOTE:
This procedure applies to second-order deter-
minants only. The determinant function of ma-
trix A is given by 5(A).
EXAMPLE: If
-5 1
3 2

A

find 5(A)
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SOLUTION: Write

8(A) = (-5x2) - 3x1)
=-10 - 3
= -13
We may find the determinant of any square
matrix of any dimension. If we have
231
A=|452
116

then to find 6(A) we follow the pattern of

to find the first set of diagonals and write

2:5:.6+4.1-1+41.2.3
We next follow the pattern of

to find the set of diagonals which are to be sub-
tracted from the first set. We write

1.5.143.4.64+2.1.2
and then
(2. 5-6+4.1.1+1.2.3)
(1-5:1+3:4:6+2-1.2)
(60+4+6) - (5+72+4)

70 - 81
-11

n

169

which is the determinant of A. Therefore. if

31
A = 5 2
16
then
5(A) = -11

NOTE: This pattern applies to third-order
determinants only.

In some cases wedo not evaluate a matrix to
find the determinant but merely write the ma-
trix elements and enclose them by vertical
bars; that is, if

abec
A=|def
g hi
then
abe
5(A) = | d e f
g hi

The order of the determinant is determined
by the number of elements in any row or col-
umn. In this case the order of the determinant
is three.

In the preceding example we may write 5(A)
in the form of

(ael + bfg + cdh) - (ceg + bdi + afh)

PROBLEMS: Find the determinants of the
following matrices,
1. 3 2
-1 2
2. 3 4
|5 6
132
3. 111 4
112
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ANSWERS:
1. 8

2. -2

3. 4

INVERSE OF A MATRIX

When we multiply two matrices together and
find that the product is the multiplicative iden-
tity, we say that one of the matrices is the in-
verse of the other. This is similar to arith-
metic in which

0=

a_
.T_l

and we {ind % is the inverse of a. Notice that

this holds as long as "'a" does not equal zero.

ML . o e wariii v mmrd da vmada itk seendminnsa-
1118 SaIne requirement 1s madae wiin Imatrices,

that is, a matrix has an inverse as long as the
determinant of the matrix is not equal to zero.
If we multiply the matrices A and B where

[

5=
IR

therefore the matrix A is the inverse of matrix

B and matrix B is the inverse of matrix A.
Generally, to designate an inverse of a ma-

trix we write, if
ab
A =
c d

then the inverse of A is

and

we find

=
(=]

The reason for multiplying by

SOLUTION:

then change the signs of 3 and 4, Write

4]

-]

Intere hange the 1

If we now multiply

e

we find the product to be

1

1
5(A)

and

is shown

e .
Find the inverse of matrix A if

2 and

In order to make this product equal the mul-

tiplicative inverse, we multiply by

gives

1 [-10
in ~
'LULU
-10
|0 ©°
-10
0 o

0]

1
-10

Also notice that the determinant 5(A) of

[2 3]
4 1]

is

(2) - (12)

-10

which
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We may now write

the general formula for

the inverse of a matrix A as follows. If

A =
then

A—l

EXAMPLE:

A=

SOLUTION: Write

2]

-1 jae®
T 6(A) |-c a

Find the inverse of matrix A if

)

Al 1

and

5(A)

Then

To verify this we write

5 6

43

1

]
Wl e
+ +
— X3

r

"
[T
Lo =1
.

. 3 -6
-W[-:; 5

15 - 24
-9

o|=

)

S oW
1

[S -

| SN}

L

ol ©|w
]

wlen ol

| |

[

R

I

Ol ojm
]

Wl Wit

S|

i

Ol O
1
ol Wi
= lw
‘9‘0- w0l

|
wiew wo

PROBLEMS: Find the inverse of the follow-
ing matrices.

. [2 3}
12
. [ 12
-1 3
3, |4 5}
01
ANSWERS:
1. |23
12
(3 _2
5 "5
2.
1 1
5 3
(1 5
5 |37
o 1
DETERMINANTS

We have previously determined that the dif-
ference between a matrix and a determinant is
that a matrix is an array of numbers and a de-
terminant represents a particular number,
When we found the particular number a deter-
minant represented, we called this operation
"expanding the determinant’; that is, to expand
the determinant

131
412
5 6 3

we write
(1-.1.3+4.6.14+3.2.5)

(5-1.1+3-4.3+1.6.2)

(3+24+30) - (5+36+12)

57 - 53

=4
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EXPANSION BY MINORS . 3 1
the minor of 4 =
Another way in which a determinant may be 63
ekpanded is by expansion by minors. If we have 3 1
the deter minant and the minor of 5 = l l
12
131
412 We now multiply the element by its minor
5 6 3 and by the sign of the element location from the

pattern

then the minor of the element 3 in the top row
is the determinant resulting from the deletion
of both row and column that contains the ele- - o+ -
ment 3; that is, the minor of 3 is

+ -+
which gives
pmpm—-
O3
‘~-T__;-- 1‘1 2!
4 : | E 2 8
56,3 .
s
3
or and
|4 2! 5‘3 1‘
53 12
Also, the minor of the element 4 is which results in
. 1}1 2’ -1(3-12)
i \
"'. 3 | 6 3
(. = -9
V4| 2
! LI
!\I': 6 3 mld
31
—4l ' = -4(9-6)
6 3
or = -12
|3 1‘ and
6 3
3
5| | =s6-1
In order to expand the determinant by minors 12
of the first column we write the minors of 1, 4, = 25

and 5 which are:

which, when added, gives the expansion of the

the minor of 1 = l
determinant to be

12!
6 3

172
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-9-12+25

4

which is the same result as we previously
determined.

The expansion of a determinant may be
accomplished according to any row or col-
umn with the same results. If we expand the
determinant

3 21
2 43
111

about the first row, we have

3‘4 3’ P ‘2 3' }2 4’
11 11 11
=3+2-2

=3

If weé expand the determinant about the sec-
ond column, we have

2 3 31 31
-z’ [ -1
11 11 2 3
=2+8-17
=3

It should be noted that a fourth-order deter-
minant has minors which are third-order. The
third-order determinants may be defined by
gecond-order determinants, Therefore,through
the process of expansion by minors, a high or-
der deter minant may finally, through many steps,
be expressed by second-order determinants,.

PROBLEMS: Expand the following determi-
nants by minors about the row or column indi-
cated. Check your solution by expanding about
any other row or column,

312
4 56
014

1, about row 1.

173

1 -3
3 1
-1 1

2. about row 3.

2
01
2 -2

3. about column 2,

ANSWERS:

PROPERTIES

The following properties of determinants
may be used to simplify the determinants.
These properties apply to any order determi-
nants but will be given with examples using
third-order determinants,

(1) The determinant is zero if two rows or
two columns are identical.

(2) The sign of the value of a determinant is
changed if two rows or two columns of the de-
terminant are interchanged.

(3) The value of adeterminant is not changed
if all rows and columns are interchanged in
order.

(4) The value of a determinant is zero if
every element in a row or column is zero,

(5) The value of a determinant is increased
by the factor K if any row or column is multi-
plied by K.

(6) The elements of any row or column may
be multiplied by a real number K and these
products then added to the elements of another
row or column respectively without changing
the value of the determinant.

Examples for the listed properties are as
follows:

1 (3 31
2 2 6| = (30-18-2) - (-2+30-18)
-1 -1 5| =30-18-2+2-30+18

0
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2) 123
415
-1 23
and
|415|
‘123‘
-1 3
(3) |123]
‘413‘:
2 2 4| =
and
4 2|
9 =
3 4| =
4 |4
2 =
1 =
(5) |2 11
4 5 6| =
1 3] =
and if K =2 then
411
5 6 =
41 3| =
6 |2 11
2 1| =
313 =

(24+10-3) - (-10+24+3)
24 +10-3+10-24-3
14

(4+24+12) - (6+32+6)
44+24+12-6-32-6
-4

(4+24+12) - (6+ 6+ 32)
44+244+12-6-6 - 32
-4

(0+0+0)-(0+0+0)
0-0
0

(30 +4+12)-(10+ 12 + 12)
30+4+12-10-12 - 12
12

(60 + 24 + 8) - (20 + 24 + 24)
60+24+8-20-24-24
24

(12+3+1)-(6+3+2)
12+3+1-6-3-2
5

[

and

[
.
(2]
p—t

[y

(-]

[ Y
.
[ R
—
[JCRREN

then
2 1 1+4
1 2 142
3 1 3+86

=215
123
31 9]

"

(36+9+5) -(30+6+9)
36+49+5-30-6-9
5

EXAMPLE: Evaluate

1 3 7{
lz 9 21l
-3 20 16

SOLUTION: It is obvious that if we expand
by minors we will encounter large numbers;
therefore,we will use some of the properties of
determinants.

(1) Multiply the {first row by -2 and add
product to the second row to find

1 3 7
2-2 9-6 21-14
-3 20 16 |
1 3 7
=0 3 7
-3 20 16

then multiply the first row by 3 and add product
to the third row to find

O -
(/]
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Now we expand by minors about the first col-
umn; that is,

1 3 7

o 3 7

0 29 37

3 7
29 317

3 17
29 37

3 7
317

1‘ -0 [ ‘ +0 l
111 - 203
-92

3 7
29 37

"

d

EXAMPLE: Evaluate

13 -2
6 7 21
13 -2]
SOLUTION: The first and third rows are

identical; therefore, the determinant value is
zero,

SOLUTION OF SYSTEMS
OF LINEAR EQUATIONS

Second-order determinants may be used to
solve systems of two linear equations in two

unknowns., If we have two equations such as
ax + by = ¢
a;x + byy = ¢4
we may write
c b
« = 1€1 by
a b
a; by

and

-

» P
—
s

olo

o
=
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Note that the denominators are the coeffi-
cients of x and y in the same arrangement as
given in the problem. Also note that the nu-
merator is formed by replacing the column of
coefficients of the desired unknown by the
column of constants or the right side of the
equations,

EXAMPLE: Solve the system

4x + 2y = 5
3x -4y =1
SOLUTION: Write
5 2
1 -4 -20 - 2 -22 1
" l4 2| -16-6 -22
3 -4!
and
4 5
3 1 4 - 15 -11 1
y = - - - = —_— = —
! ‘ 4 2' -16- 6 -22 2
3 -4

The method of solving the system in this ex-
ample is called Cramer's rule; that is, when
we solve a system of linear equations by the
use of determinants, we are using Cramer's
rule,

PROBLEMS: Solve for the unknown in the
following systems by use of Cramer's rule.
1. x4+ 2y =4
-Xx + 3y =1
2, 3x + 2y = 12
4x + Sy = 2
3. x -2y = -1
2x + 3y = 12
ANSWERS:
1, x =2
y=1
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2. x =8 SOLUTION: Write
y=-6 2 3 -1
3. x =3 -10 -2 2
y =2 1 1 -2
X=s———
2 3 -1
Cramer's rule may be applied to systems of 1 -2 2
three linear equations in three unknowns. We
use the same technique as given in previous ex- 3 1 -2
amples; that is, if we have
ax + by + cz = d 2 2 -1
1 -10 2
X+ by + ¢z = d 3 1 -2
y =
agx + boy +coz = dy 2 3 -1
we may write 1 -2 2
d b ¢ 3 1 -2
d; by ¢ and
dy by ¢
x= 22 2. 2 3 2
a c
a, b, ¢ 1 -2 -10
a, by ¢ 2 3 1 1
2 2 = b
2 3 -1
a d c 1 -2 2
al d.l Cl 3 1 -2
y = a; dy ¢ | Then, solving for the unknowns find that
a b ¢
X = -2
3 b g
a, b2 Cy y =1
a b d z = -3
a, b It should be noted that when determinin
1 P g
be d either the numerator or the denominator in
z =132 02 92] solving systems similar to the previous ex-
a b ¢ ample, the properties of determinants should
be used when possible.
ap b ¢
ay by co PROBLEMS: Find the solution to the follow-

ing systems of linear equations.
EXAMPLE: Use Cramer's rule to solve the

system 1. x + 2y - 3z = -7
2x + 3y -z =2 3x - y + 2z = 8
X - 2y + 2z = -10
3x+y -2z=1 2x -y+z=25
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2, 2x - 3y - 5z
X+y -2
X - 2y - 3z
3. x -3y - 32
3x - 2y + 2z
2X +y - 2
ANSWERS:
1. x=1
y=-1
z =2

2, x = -1
y =1
z = -2

3. x =1
y =2
z = -1
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INDEX

Absorption, Boolean law, 141, 148

Addition:
binary, 77
decimal, 74

duodecimal, 79

hexadecimal, 80

matrix, 164

octal, 78

quinary, 75
Algebra:

binary, 124

Boolean, 108, 122, 134

of sets, 117, 120
American Standard Logic Symbols, 130
Analysis of logic circuits by Veitch diagrams,

159

AND operation, 124, 142, 145
Approximation of binomial distribution, 64
Arithmetic:

mean, 3, 30

sequences, 1

series, 4
Associative law, 117, 120, 135

Base, number, 71

BCD, 105

Binary:
addition, 77
base, 71
Boolean algebra, 124
Coded Decimals, 105
division, 94
multiplication, 89
subtraction, 83
system, T2

Binomial:
distribution, probability, 52
expansion, 22, 27
theorem, 22

Boolean:
algebra, 108, 122-134
complements, 147
expressions, 159
form of distributive law, 148
logic, 122
simplification, 142

Boole, George, 122

Cardinal number, 108
Central tendency measurement (statistics), 30
Choice, principle of, 48
Circuits:
logic, analysis by Veitch diagrams, 159
switching, 124
Classes, set theory, 122
Coding, statistical, 32
Combinations, 48
Commutative law, 118, 120, 134
Comparability of sets, 111
Comparison test for series convergence, 17
Complement:
Boolean, 147
laws, 119
set, 116
subtraction, 85
Complementary law, 137
Computation of statistical mean by coding, 32
Convergence, series, 15-18
Conversions, 96
Cramer's rule, 175
Curve, probability:
exponential, 57
normal, 59

Decimal:
addition, 74
conversion to BCD, 105
conversion to nondecimal, 98
division, 93
multiplication, 88
subtraction, 81
system, 71
Deducing inputs from outputs, 132
DeMorgan's:
laws, 119
theorem, 137, 146
Dependent events, 51
Determinant:
expansion, 171
function, 168
properties, 173
Deviation:
mean, 42
standard, 42-47, 66
statistical, 32
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INDEX

Diagrams:
logic, 159
Veitch, 150

Venn 119 199

VUi, 414y 244

Difference of sets, 115
Disjoint sets, 112
Distribution:

frequency, statistics, 29

normal, probability, 57

Poisson, 61-64

statistical, 52
Distributive:

identity, 118

law, 118, 138

law, Boolean functions, 148
Divergent series, 15
Division:

binary, 94

decimal, 93

duodecimal, 95

hexadecimal, 95

octal, 94

process, 92

quinary, 94
Double negation law, 135
Duality, principle of, 119, 120
Dualization, law of, (DeMorgan's theorem), 137
Duodecimal:

addition, 79

division, 95

multiplication, 91

H
subtraction, 84
system, T4

Elements, 122
Equality of sets, 109
Equations, linear, solution of systems of, 175
Excess three code, 106
Exclusive events (probability), 51
Expansion of:
binomials, 22, 27
determinants, 172
Exponential curve, 57
Expression, order of, 142

Finite sets, 108
Formula:
arithmetic mean, 3
arithmetic series, 5
geometric series, 10
infinite geometric series, 13
summation, arithmetic series, 5
Fractional exponent in a binomial expansion, 25
Frequency distribution, statistics, 29
Function, determinant, 168

General term of a binomial expansion, 24

Geometric:
mean, 9, 39
sequence, 7
series:

particular term, 7
summation, 11

Harmonic mean, 40

Hexadecimal:
addition, 80
division, 95
multiplication, 92
subtraction, 85
system, 74

Hindu-Arabic number system, 71
H 3

S
n
v

Idempotent laws, 117, 120, 135
Identity:
associative, 117
commutative and distributive, 118
idempotent, 117
laws, 118, 120, 134
Induction, mathematical, 20
Infinite:
series, 12-15
sets, 108
Inputs from outputs, deducing, 13
Interpretation of standard deviation, 66
Intersection:
law of, 137
relation to AND operation, 145
sets, 115,
Inverse of matrix, 170

Law:
absorption, Boolean, 141, 148
associative, 117, 120, 135
commutative, 118, 120, 134
complement, 120, 137
DeMorgan's, 119-120
distributive, 118, 120, 138
double negation, 135
dualization, 137
idempotent, 117, 120, 135
identity, 118, 120, 134
intersection, 137
union, 137

Laws:
algebra of sets, 117, 120
Boolean algebra, 134

Limit of sum, infinite series, 15

Linear equations, solution of systems of, 175
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Logic:
Boolean, 122
.circuits reduced by Veitch diagrams, 160
diagrams, 159
symbols, 130

Mathematical induction, 20
Matrix:

addition, 164

determinant of, 168

inverse, 170

multiplication, 166

theory, 162

terminology, 162
Maxterms, 123
Mean:

arithmetic, 3

deviation, 33, 41

geometric, 9, 39

harmonic, 40
Measure of:

central tendency, 30

variability, 41
Median, statistical, 37
Minors, expansion by, 172
Minterm:

Boolean, 123

Veitch diagram, 155
Mode, statistical, 38
Multiplication:

binary, 89

decimal, 88

duodecimal, 91

hexadecimal, 92

matrix, 166

octal, 91

quinary, 89

scalar, 166
Mutually exclusive events, 51

NAND operation, 128
Negative exponent in a binomial expansion, 25
Normal:

curve, probability, 58, 65

distribution, 57
NOR operation, 127
NOT operation, 126
Novenary number system, 71
Nth term of a series, 14
Null:

class, 122

set, 109
Number:

cardinal, 108

systems, 71
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Octal:
addition, 78
division, 94
multiplication, 91
numbers, 71
subtraction, 83
system, 73
Operation:
AND and OR, 124, 142
NAND, 128
NOR, 127
NOT, 126
OR, 124
sets, 114
Order of expression, 142
OR operations, 124, 142
Output used as input, 129

Parentheses in Boolean expressions, 144
Pascal's triangle, 27
Patterns recurring in Veitch diagrams, 157
Permutations, 49
Plotting Veitch diagrams, 151
Poisson distribution, 61
Polygon method of graphing statistical fre-
quency distribution, 30
Postulates, 134
Power set, 111
Principle of:
choice, 48
duality, 119
Probability:
curves, 57-61
distributions, 52
fundamentals, 49
Proof of the binomial theorem, 26
Proper subset, 110
Properties of determinants, 173

Quaternary numbers, 71
Quinary:
addition, 75
division, 94
multiplication, 89
subtraction, 82
system, 72

Radix, 71
Random sample, 68
Range, statistical, 38
Ratio test for series convergence, 18
Reducing Boolean expressions by Veitch
diagrams, 153
Rule:
Cramer's, 175
for expanding binomials, 22



INDEX

Sample frequency distribution (statistics), 32

Sampling, statistical, 68
Scalar multiplication, 166
Scores, standard, 66
Senary numbers, 71
Septenary numbers, 71
Sequences:

arithmetic, 1

geometric, 7
Series:

arithmetic, 4

convergent, 15

geometric, 10

infinite, 12

nth term, 14
Set:
comparability, 111

complement, 116

difference, 115

disjoint, 112

equality, 109

finite, 108

infinite, 108

intersection, 115

laws, 117, 120

null, 109

operations, 114

power, 111

union, 114

universal, 111
Sigma, summation symbol, 32
Simplification, Boolean, 142
Simplifying AND operations, 145
Solution of systems of linear equations, 175
Standard:

deviation, statistics, 42-47, 66

logic symbols, 130

scores, statistics, 66
Statistical:

coding, 32

distribution, 52

frequency, 29

median, 37

mode, 38

range, 38

sampling, 68

variability, 41
Subset:

comparability, 111

proper, 110

181

Subtraction:

binary, 83

by complements, 85

decimal, 81

duodecimal, 84

hexadecimal, 85

octal, 83

quinary, 82
Summation:

arithmetic series, 5

geometric series, 11

symbol, sigma, 32
Switching circuits, 124
Symbols, logic, 130
System, number;

binary, 72

decimal, 71

duodecimal, 74

hexadecimal, 74

Hindu-Arabic, 71

octal, 73

quinary, 72
Systems of linear equations, solution of, 175

Term:
geometric series, 7
particular, series, 14
Terminology, matrix, 162
Ternary, 71
Tests for convergence of series, 17, 18
Theorem:
binomial, 22
DeMorgan's, 137
Theory, matrix, 162

Union:
law of, 137
relation to OR operations, 145
sets, 114
Universal:
class, 122
set, 111
Use of Veitch diagrams, 152

Variability, statistical, 41
Veitch diagrams, 150, 157
Venn diagrams, 112, 122
Vicenary numbers, 71
Vigesimal numbers, 71






Assignment Questions

Information: The text pages that you are to study afe
provided at the beginning of the assignment questions.







Assignment 1

Sequence and Series; Mathematical Induction and the Binomial Theorem

Textbook Assignment: Chapters 1 and 2

In this course you will demonstrate that learning has taken place by correctly answering train-

+ dm J+aalf deman
L oL LuSS4l AmpUus=

ing items. The mere physical act of Indicating a cholce on an answer sheet is no
tant; it is the mental achievement, in whatever form it may take, prior to the physical act that is
important and toward which correspondence course learning objectives are directed. The selection
of the correct choice for a correspondence course training item indicates that you have fulfilled,

at least in part, the stated objective(s).

The accomplishment of certain objectives, for example, a physical act such as drafting a memo,
cannot readily be determined by means of objective type correspondence course items; however, you
can demonstrate by means of answers to training items that you have acquired the requisite knowledge
to perform the physical act. The accomplishment of certain other learning objectives, for example,
the mental acts of comparing, recognizing, evaluating, choosing, selecting, etc., may be readily
demonstrated in a correspondence course by indicating the correct answers to training items.

The comprehensive objective for this course has already been given. It states the purpose of
the courae in terms of what you will be able to do as you complete the course.

The detalled objectives in each assignment state what you should accomplish as you progress
through the course. They may appear singly or in clusters of closely related objectives, as
appropriate; they are followed by items which will enable you to indicate your accomplishment.

All objectives in this course are learning objectives and items are teaching items. They point
out important things, they assist in learning, and they should enable you to do a better job for
the Navy.

This self-study course is only one part of the total Navy training program; by its very nature
it can take you only part of the way to a training goal. Practical experience, schools, selected
reading, and the desire to accomplish are also necessary to round out a fully meaningful training
program,

. Make the following changes in your text- 1-1 Write the 5th term of the arithmetic
(=1 o . XL de wiliLc LS Juit L1l vl LT al diuileelro
book: 3
sequence 1, 3, 2,
In lines 1 and 2 (left column), page 16, change: 1. 3
"is not defined" to read "the series is divergent" ;
2, L
In 1line 16 (left column), page 16, add: ''There- 2
fore the series is divergent" after'lim S, = =" . 4
n + ® .5
Ennﬁroblem #1”(1ﬁft column), page 16, change: 1-2. What 1is the 22nd term of the arithmetic
3 to read "3n 5 7
sequence 1, 3P 2
In lines 4 and 7 (right column), page 16, change: 1. 8
30" ¢o read "3-20-1" 2. 11
3. 15
Learming Objective: 4, 22

Solve problems involving artthmetic and geometric
sequences by applying appropriate formulas.




How many terms are in a sequence if the 1-10. What is the common ratio (r) of the

last term is 49, the difference is 3, and sequence
the first term is =57 1, l, l—, —l—, e ?
1. 13 5% 25% 125
2. 16 1. -4
3. 19 5
4, 24 1
2. 55
What is the first term of the arithmetic
sequence whose 4th term is 16 and 8th 3. 1
term is 40? 5
1. 4
2. 2 4. é
3. 0
4, =2

1-11. Find the last term of the sequence where

What would be the mean of the sequence a=2,n=7, and r =4

whose first term is 32 and last term is 647 L. 64
2. 1,950

1. 64

2. 48 3. 6,254

3. 32 4, 8,192

4, 28

1-12. What is the first term of a geometric
sequence whose sixth term is 24 and

If there are three means between -8 and
seventh term is 87

+28 then one of the means is

1. 3,484
;' ; 2. 5,832
3' 18 3. 6,446
4. 21 4. 8,292
The sum of the first 50 terms of the series 1-13. iind t?e one geometric mean between
3, 8 13, . . . equals 3 and 27"
1. 4,750
2. 5,325 1. + 1
3. 5,575 6
4, 6,275 9. + 2

9

Find the sum of the sequence having d = 4, 3.+ 2
£ = 37, and n = 7. T T
1. 275 4, + 2
2. 250 15
3. 200
4. 175 1-14. What is the sum of the first five terms

in a geometric series whose first term is
Find the fourth term of an arithmetic

1 and whose common ratio is 47
sequence using the following information: 1. 341
n=9 L =30 Sn=81 2. 322
1 3. 302
1. 4= 4. 285
2. 3 3 1-15. What is the sum of a geometric series if
T - -1 -2,
a=2,r 3 and £ 543
1
3. 2 3 . 52
3 't 243
b1y 2. 128
243
3. 649
243
4, 228
243



Learming Objective:

Derive formulas used to solve for various
wnknown elements in an infinite series, and
determine some specified infinite-gseries terms.

1-16. The term given to a serles that continues
indefinitely is
1. a finite seriles
2. an infinite series
3. a geometric series
4. an arithmetic series

1-17. The sum of the infinite series

6 + 2427, ... is
2 8

1. 16
2, 18
3. 20
4. 24

1-18. What is the third term of the series
6n - 4 ,

. th
wnose n term is ?
2n + 1

R
=N oW e

1-19. What formula would represent the nth
term for the series

1. 1. 1,....7?
atstnt
1.1
5n
2. L
4n
1
3. N
4.1
2n
1-20. What is the nth term for the series
2+ 348,340 o
4 9 16
1. 3ot 1
2n
2, 2n+ 2
2
n
3, R + 1
n2
4, 2n

Learning Objective:

Apply various tests to determine if given
infinite series' are convergent or divergent,
and why, and recognize the characteristics of
a harmonic sertes.

‘ Items 1-21 through 1-38 relate to conver-
gence and divergence. U, = nth term.

1 1 1 .
1-21. The series 10 + 70 + ) + is

[

1. convergent because lim Sh
n + «

2. divergent because lim U, #0
n -+

3. divergent because lim U_ does not exist

n + ®
4. convergent or divergent because

lim 8= o
n
n-—+w®

1-22, The series 2 + 8 + 32 + « - + is

1. divergent because lim S #0
n > o«
2. divergent because lim S5, = =
n-> «
3. convergent because lim S, = «
n >
4, convergent because lim U_ does not
exist n>e
1-23. The series -1 + 3+ 7+ * * * is
convergent.

1-24. If U, 1is the nth term of a series,

lim U, = O represents a
n-+®
1. proof of convergence
2. proof of divergence
3. necessary condition for convergence
4. necessary condition for divergence

1-25. What can be said about the convergence or
divergence of a series for which

=1-—1 7
Un 1 n+1
1. Convergent because 1lim U, =0

n >

2, Convergent because lim u, =1
n -+

3. Divergent because 1lim U, # O

n >

4, Convergent or divergent because
lim U, # 0

n->®



1-26. The series

3,4,05, ...
atste? Y oaTF 3

1. divergent because lim U, # 0
n >

2. divergent because lim Un =

n->r«
3. convergent because 1lim U, = 1
n > ®
4, divergent or convergent because
lim U, = 0
n > x

. Before taking the limit, divide the
numerator and denominator by the highest power
of n. A preliminary test for divergence which
may save considerable time is to examine the
ath term of a series as n approaches infinity
by the method given in your text.

1-27. This preliminary test for divergence shows
that the series whose nth term is

2n

— is

n +1

1. convergent because lim *222~— =0
' 8 n>en~+1

2. divergent because lim —2n_ =1

n»mnz-l-l
3. divergent because lim _2n =

n>» nZ+1

4. convergent or divergent because

lim _2n =9
n->o n2+1

1-28. What two conditions must be met for a
geometric series to be convergent?
1. lim Uy =0 and [r| <1
n > ®
2. limU, =0 and |r[ >1

n-—+x

3. lm U #0and |r|] < I

n->®

4. lim Uy # 0 and |r| > 1

n >

1-29. Which of the following is not a character-
istic of a harmonic series?
1. lim U, = 0

n > ®

2, lim Sz =~

n > *®

3. It is always convergent.
4. The reciprocals of the terms form an
arithmetic series.

1-30.

The series aj + ap + * ° * + a is known
to be convergent, and Xy of the series,

%] + x2 + * * * + x, is compared to aj

for all corresponding terms. The x series

is known to be
1. convergent if X,

a,
an
3. divergent if x, 2 a,

>
2. convergent if x_ =

4. divergent if x, < aj

‘ Equations (1) through (4) on page 17 of the
text show the "reference" or "t'" series. For
each of the following unknown or "U" series in
items 1-31 through 1-33, select an approprilate
"t" series. By the comparison test, determine
if the "U" series is convergent or divergent.

1-31.

1-32.

1-33.

The series L + L+ L+ « - is
9 27 81
1. divergent because U, 2 % of t-series
2. convergent because U <1l of t-series
n Zn
3. convergent because U, 2 ar® of t-series

of t-series

=31

4. convergent because U, <

The series 1 + 1 +<l—

Rttt

2
1. convergent because Un < of t-series

Paqulw

2. convergent because U < of t-series

N
=]

1 n-1
3. convergent because Url < <—i> of
t-series 3

4, divergent because Un 1.1 of t-series
n

The series 2 + 1 + % + % +

--+.g.'
nlS

1. divergent because U < % of the t-series

2. divergent because Un > % of the t-series

3. conve?gent because Un < E% of the
t-series

4. convergent because U, > 3% of the

t-series

Which statement is true concerning the
convergence of the infinite series

U+ Uy + Uy + oo if lim |Untl

= 0,
3 n > = U,

where Uy Uy Uj ... are positive?

. It is convergent.

. 1t is convergent only for n=3.
It is not convergent.

It may or may not be convergent.

W e



. Use the ratio test to Investigate the con- 1-38 1,21, 3.+ nt
vergence of the indicated series in items 1-35 2722723 2n
through 1-38.

1 lim Z t1. o; diverges
1-35. 1,1 .1 n>oe 2
o i 2 e 2 SRR
2 2 2 5 (n+1)
2. lim ———— = 2; diverges
2n n > o n!
1. lim ——-+—-l- = 23 diverges
n -+ * n
n 3. 1lim = 3_ 1= 0; converges
2. lim —31—+—l = »; diverges n>e
n>e 2 . nt _1
« lim Sz = 3; converges
2n 1 no>w 2 2
3. 1lim —+l=—; converges
n+oe 20 2 : Learning Objective:
2n - 1. Recognize the theory of proof by mathematical
4 nlimm PLE! 1; test fails induction and use this method of proof to verify
a mathematical formula.
2 3 n
1-36. 3 + 3 + 3 + . 3 . In answering items 1-39 through 1-42, refer

e
tr2o2s3 o3 n( + 1) 1 3 n(atl
to the formula3 + 1+ 5+ * * -+%-—(4—l.

+ .
.o on+ 2 1
1. 1lim = —; converges 1-39. To prove the formula true by mathematical
n + o 30 3 induction as explained in the text, it
must first be proven correct for n =
2. 14 3n_ o 2 1
. m m = 0; converges 2. 1/2
n + = 3.1
4, K-1
3In _
3. lim ——— = 3; diverges
n+e nt2 1-40. Since the formula works for the case in
item 1-39; assume the formula is correct
n+ 2 for n = K, where K is any whole number.
4, lim T 1; test fails Therefore, equation (1)
-
n -:-l-+l+.§+...+E=KK+1)
2 2 2 4
1-37. 3 + 12_ + _3_3 oo e+ _3n_ o0 is assumed to be true and we proceed to
1 3 5 2n - 1 prove the formula correct for n =
1. O
3, 2.2
1. nl—:l;mw a T 1 7 diverges 3, K-1
4, K+l
2. 1lim % = 3} diverges 1-41. For the value of n found in the preceding
n -+ item, the formula can be written
on -3 Loly1e3y ... 41 KK
3. lim 2—n-—+—1- = w3 diverges 2 2 2 4
e 2011, 3, ... Kl _ K+
an 2 2 2 4
4, lim mo1 = 0; converges
n->e 07 3.l+1+2+--o+l=§3}_@2
2 2 2 4
1 3 K+l _ KZ4+3K+2
e+l =+ _—= e
4 2 + 2 + + 2 4



1-42. Let the equation, obtained as the answer

in the previous item, be equation (2). To
prove the original formula for n = K+1,
the assumed relation (1),

i+1+é+.. .+_1S____KK+1)

2 2 2 4

must be manipulated so that it becomes
identical to equation (2). Since the left
sides of (1) and (2) differ by

5%1 we add E%l to each side of (1),

= + + =4 e ey +
that is, 2 1 2 2 ‘—2

- K(i+1) + &%l (equation (3 ) .

Which of the following conclusions may be

drawn concerning equations (2) and (3)

1. (2) and (3) say the same thing and the
original formula is untrue.

2, (2) and (3) say the same thing and the
original formula is true.

3. (2) and (3) say different things and
the original formula is untrue.

4, (2) and (3) say different things and
the original formula is true.

Learning Objective:

Recognize the characteristics of an expanded
binomial and solve or evaluate problems based
upon the expansion of a binomial.

1-43. How many terms are in the expansion of

1-44.

1-45.

x+y)"
1. 9

2. 8
3. 7
4. 6

The sum of the exponents of each term
in the expansion of (x + y)8 is

1.9
2. 8
3.7
4, 6

The coefficlent of the fourth term of the
expansion of (x + y)7 is

1. 15
2. 20
3. 25
4. 35

1-49.

1-50.

1-51.

1-52.

1-53.

. The third term of the expansion of

[(3x) + (-2y)13 is

1. 36xy2
2. 18xy?
3. 12xy?
4, 3xy2

Evaluate (1 + 0.02)6 to the nearest
hundredth.

1. 1.13
2, 1.14
3. 1.15
4, 1.16
. Evaluate (1 + 0.04)4 to the nearest
hundredth.
1. 1.15
2. 1.16
3. 1.17
4, 1.18

Evaluate (0.96)4 to the nearest hundredth
by calculating the value of the appropri-
ate binomial expansion.

1. 0.70

2. 0.80

3. 0.85

4. 0.99

What is the third term of (m3 - 2)°7?
1. 10m®

2. 20m®

3. 30m3

4. 40m®

What is the sixth term of (x + y)lo?
1. 252x5y5

2. 252x3y6

3. 252x6y5

4. 252xbyb

The third term of (3x + 3y)5 is

1. 90x3y2

2. 180x3y2

3. 270x3y?

4. 2430x3y2

What is the sixth term of (2m> - x2)8?
1. 56m6xlo

2. 112m9%10
3. -224m6x10
4. -448m9%10

. What is the fourth term of the expansion of

(x + y)=32
1. -10x~6y3
2. -15x6y3
3. 20x~6y3
4. 30x~6y3

(y is less than x.)



y
The fifth term of (x + y)l/2 after 1-56. Evaluate Y12 to the nearest hundredth.
expansion and simplification is 1. 1.86
y4 2. 1.87
1. - 772 3. 1.88
64x 4. 1.89
syl
2. - y 1-57. What number would be between 28 and 56
128x 72 in the next row of a Pascal's triangle?
1. 69
4 2, 78
3. y 3. 81
322112 4. 84
4 1-58. Using Pascal's triangle shown on page
4, Sy 28 of the text determine the coefficient
7/2 of the fourth term of (x + y)® when
32x
n = 8,
1. 62
2. 56
3. 48
4. 42



Assignment 2

Descriptive Statistics; Statistical Inference

Textbook Assignment: Chapters 3 and 4

‘ Make the following changes in your textbook: In this same example, what is the probability of
exactly 120 defective items? Since the

In the last line (left column), page 63, insert: probability of more than 120 defective items in
"per squadron" between '"failures'" and 'requiring”. the binomial distribution is the same as 120.5
defective items in the normal distribution we use
In the right column, page 64, and the left column, x equal to 120.5 (again, this is due to the
page 65, replace the example given with the binomial being a discrete distribution). Then
following:
u = 100
EXAMPLE: If the probability of a defective item x = 120.5
is 0.2 and we use a sample of 500 items from a s = 8.9
large population, what is the probability of
120 or more defective items? and we write
; 120.5 - 100 20.5
SOLUTION: Write = = =
z 8.9 g9 - 2%
L= np Using table 4-1 find that
= 500 (.2)
= 100 P {z > 2.3} = 0.5000 - 0.4893
and o = /apq = 0.0107
= /300 (0.27(0.8 The probability of exactly 120 defective items is
= /80 P {2.19 < z < 2.3} = 0.0143 - 0.0107
- 8.9 = 0.0036
Then, . The preceding example is illustrated in figure
z = " 4-7.
g
_119.5 - 100 _ 19.5 _ 2.19 Delete figure 4-7 on page 65 and refer to figure
8.9 8.9 4-7 below.
Using table 4-1 find that the probability
it
P {z > 2.19} = 0.5000 - 0.4857 //1+r\\\
[
1
= 0.0143 '
i
(1
[}
1
ot
I
]
) 1
___F,,—————f”r' b J g?"
11
11 41 4
100 u9 2012l

Figure 4-7.--Normal curve (x = 120.5)



Learning Objective:

Identify some basic terms and methods associated
with statistical data and its graphical
representation.

2-5. For the samples represented, the child
with the highest IQ attends school
1. A
2. B

2-6. The sample from school A has how many more

2-1. What term is given to the grades 90, 85, 80, children with IQ's between 109.5 and 149.5
80, 75, and 707 than does the sample from school B?
1. Frequency 1. 1
2. Frequency distribution 2. 2
3. Class interval 3. 3
4. Ordered array 4, 4
2-2. What is the frequency of 82, in the set of
numbers 85, 82, 82, 78, 78, 82, and 807 Learning Objective:
1. 1
2. 2 iven atatistical data, determine measures of
3. 3 central tendency by caleculating arithmetic mean,
4, 7 deviation, median, mode, range, and geometric
and harmonic means.
2-3. What is the class interval if 2 classes
are desired of the grades 88, 90, 85, 80, 2-7. Calculate the mean of the numbers 16, 32,
and 927 24, 25, 20, 35, and 30.
1. 2 1. 26
2. 4 2. 28
3. 5 3. 30
4. 6 4, 32
. In answering items 2-4 through 2-6 refer to 2-8. What does the symbol X represent in
the frequency polygons in Figure 2A. NOTE: Assume statistics?
IQ's to be integers. 1. Frequency
2. Mean
2-4. How many first grade children are 3. Mode
represented by the frequency polygon for 4. Number
school A.
1. 25
2. 26
3. 27
4. 28
SCHOOL A
(f)
————-—-SCHOOL B
6 oy
IV
5 rz/ \\‘ \
//// ~
~
4 , 3
y N
3+ 7
/s
,4' \\
2 v N
V4 / \
{ / \
~ <
/ / N
‘4// S
e,
T T T T T | — T T
0D 0NN NN NN N YN
(L3 O < o SRS JEE - S N, S )
w~n$w§,$88§:§mgg¢¢
Figure 2A.--Distribution of IQ's for first grade cnildren in

two suburban schools.
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2-9. What is f(xi) of 51 in the set of numbers 915
60, 51, 60, 49, 51, 55, 55, 60, and 517 .
1. 51
2. 56
3. 102
4. 153
2-10: What is the mean of the deviations of the 2-16
numbers 87, 84, 85, 82, 78, 72, and 80 if
the assumed mean is 827
1. -0.10
2. -0.25
3. -0.42
4 -0.86 2-17
2-11: Calculate the actual mean of the values
60, 62, 71, 64, 82, and 90 if the assumed
mean is 71?7
1. 68.8
2, 71.5
3. 73.8 2-18.
4, 74,7
‘ Use the following partially completed
coded frequency distribution table in answering
items 2-12 through 2-16.
Class Boundaries Freq. Class Code (Code) 2-19,
f marks u (Freg)
X uf
211.7 - 221.7 3
221.7 - 231.7 8
231.7 - 241.7 i1 236.7
241,7 - 251.7 21 -1
251.7 - 261.7 21 0
261.7 - 271.7 13 2-20.
271.7 - 281.7 9
281.7 - 291.7 2
Table 2A.--Incomplete coded frequency
distribution.
2-12. What is the value of g fi?
i=1
1. 8 2-21.
2. 21
3. 60
4, 88
2-13 What is u; of the class interval
211.7 - 221.7?
1. 4 2-22.
2. =2
3. -3
4. -4
2-14. What is the value of C?
1. -4
2. 1
3. 8
4. 10

10

n
Calculate the value of I uy
i=1

£,
-79
-42
8
142

at is the value of x?
251.93
253.16
254.37
256.70

L\WN'—'§ W N =
P . e .

etermine the median of the data 8, 2, 7
, 8 6 and 9.

D
5
1
2
3
4

W~

Find the median of the data 1, 3, 9, 5,

7, and 1.
1. 1

2. 3

3. 4

4. 4.5

Select the statement below that is
correct relative to the data 25, 30, 43,
43, 46, and 36.

1. The range equals 21.

2. The mean equals 38.

3. The mode equals 46,

4. The median equals 44.

Select the statement below that is
correct relative to the data 17.3, 21.7,
21.7, 16.9, 18.1, 25.5, and 23.3.

1. The range equals 9.2,

2. The mean equals 21.3.

3. The mode equals 21.7.

4, The median equals 23.3.

Select the statement below that is
correct relative to the data 42.3, 42.3,

37.5, 38.0, 46.9, 44.4, and 58.7.
1. The range equals 9.4.

2. The median equals 38.0.

3. The mean equals 44.3.

4 The mode equals 46.9.

Find the geometric mean if the log values
of the items are 1.8142, 1.7293, 2.0180,
1.6198, 1.2920, and 2.2451.

Antilog 1.7864

Antilog 2.0164

Antilog 2.8192

Antilog 10.7184

£ N
PP



2-23. 1f a ship travels 40 nautical miles at 30
knots and the next 40 nautical miles at
8 knots, what is the average speed of the
ship?
1. 12.6 konots
2 13.4 knots
3 14.8 knots
4 19.0 knots
2-24. A destroyer traveled 25 nautical miles at

20 knots, the next 25 nautical miles at
10 knots and the last 25 nautical miles
at 30 knots. What was the average speed
of the destroyer?

1. 22.6 knots

2. 20.0 knots

3. 18.2 knots

4 16.4 knots

Learning Objective:

Given statistical data, determine measures of
variability by calculating mean and standard
deviations.

. Find the mean deviation for the given data
in items 2-25 through 2-27.

2-25. Data: 8, 10, 12, 20, 17, 23.
1. 3.67
2. 5.00
3. 7.80
4, 15.00
2-26 Data: 2, 6, 3, 5, 7.
1. 1.68
2. 2.34
3. 3.68
4 4. 84
2-27. Data 8, 8, 10, 8, 10, 9, 11, 12, 7.
1. 1.11
2. 1.18
3. 1.36
4., 1.54
n -2
2-28. What does £ (xi - x) equal in the set
i=1
of data 4, 7, 3, 3, and 5?
1. 6.80
2. 8.96
3. 10.42
4, 11,20
2-29. By using the formula for s, determine the
standard deviation of the data 20, 22, 24,
26, and 28.
1. 10.00
2, 7.94
3. 6.28
4, 3.16
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2-30. By using the formula for s, determine the
standard deviation of the values 43, 45,

45, 46, 45, 44, 45, and 47.

1. 1.1
2. 1.2
3. L.3
4, 1.4

' In answering items 2-31 through 2-33, use
coding, the formula

1 o 2

=C[:;— L (u, - . :
s=C -1 1£1(u1 ) fi, and the following data
70, 60, 80, 90, 80,

(u; of 70 equals 0).

70, 80, 50, 90, 60.

NOTE:

If your answer to either item 2-31 or item

2-34 is opposite in sign of the alternative you
believe to be correct, this is due to the fact
that the "u" values may be assigned to the "X"
values in two possible ways. Either way is
correct. Choose the alternative in each item
which is the same or opposite in sign of your
answer as the correct answer and answer the
remaining items based on your original
tabulations.
2-31. Find .
1. 0
2. -0.3
3. -1.3
4, -2.2

n — 2
Calculate £ (u, - u) f .

j=1 & i

2-32.

16.10
20.12
25.43
27.22

&N -
M

What is the standard deviation of the
data?

1. 9.6

2. 11.4
3.
4.

A , o oms s A ar
W In answering items 2-34 through 2-36, use
the formula

_C/L L 2¢ __l.(g f)2
MU AT U FE e i RO P ok

70, 80, 80, 70, 80, 60, 80, 90,

and the data:

70, 50, (ui of 70 = 0).
n
2-34, Find I uifi'
i=1
1. 4
2. 1
3. 0
4, -3



2-35. What does g uizf equal?
i
i=1
1. 13
2. 5
3. 1
4, -3

2-36. Determine the standard deviation using
the given data.

1. 5.4
2, 9.2
3. 11.6
4. 13.6

values 80, 90,

2-41. 1In how many different ways can you appoint

a president and a vice president in a
club containing 10 members?

1. 20
2. 45
3. 90
4, 720

Learning Objective:

Solve probability problems involving mutually
exclusive and dependent events, and determine
the applicability of binomial distribution.

2-42. Of twelve sailors in a group, seven are
firemen, three are seamen, and two are
airmen. One of the men is selected at
random for a special work detail. What
is the probability that a fireman will
be selected?

90, 80, 70, 60, 80: Y
2-37. Find x? for the data: 2 1
1. 32,400 3
2. 35,600 1
3. 40,000 3. 2
4. 43,900
4, L
2-38. What is the standard deviation of the data? B
1. 9.8 2-43, What is the probability of a four,
2. 10.7 a three, or a one showing face up if e
3. 1L.4 die is tossed?
4, 13.5
1
1. —
Learning Objective: 6
Discriminate between mathematical combinations 2, 1
and permutations and solve problems involving 4
these two concepts. )
3. %
2-39, 1If the watch bill consisting of 6 sailors >
is to be chosen from a group of 12 sailors,
in how many different combinations can the 4. 1
watch bill be selected? 2
;: 128 2-44, 1f a card is drawn from a standard deck
3. 432 of 52 cards which contains four aces,
4. 924 and a second card is drawn from the

remaining cards, what is the probability

2-40., A mess cook interested in using some that both cards are aces?

leftover meats and vegetables decides to . 1

make a stew consisting of three kinds of v 43
meats and five vegetables. If there are

five different meats and eight different 2. 1

vegetables available, how many different 52
kinds of stews can the cook make? 1

1. 40 3. 769
2. 120

3. 560 4, ——
4. 600 221

12



2-45.

246,

An urn contains five blue and eight white
marbles. Two marbles are drawn
successively from the urn, the first being
returned before the drawing of the second.
What is the probability that both marbles
are the same color?

1. 23
169
* 169

75
" 169

89
4. 169

The probability of HHHH.on four tosses
of a coin is

1.%

2.-1%—
3.1—;
4.1—2

. What is the probability of a six showing

only once in four tosses of a die?

1.%

2.%
3.1-8%
4.%—2

. Find the probability of at least three

sixes showing in the roll of four dice.
(Four dice rolled simultaneously is the
same as one die thrown four times.)

1.5
2. 352
3. 7%
b oo
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2-43, What is the probability of two fives

showing if four dice are rolled
simultaneously? (Four dice rolled
simultaneously is the same as one die
rolled four times.)

1
1. 3
2. 2
216
3. .30
216
150
4- 276
2-50. What is the probability that a two will
come up less than three times on five
spilns of the roulette wheel shown below?
7
1. )
64
2, T
99
3. 743
211
4. 243
2-51 From a standard deck of 52 cards, a card
is drawn at random; a second card is then
drawn without the first card having been
replaced. Why does the binomial
distribution not apply?
1. The number of trials must be fixed.
2. The probability of successes must
be identified.
3. Each trial must result in either a
success or a failure.
4. All of the trials must be independent.
Learning Objective:

Find areas under normal curves by using a table
of areas.

. Refer to table 4-1 in your text in
answering items 2-52 through 2-55

2-52

Find the area under a curve from z equals
0.8 to z equals 1.2.

1. 0.0968

2. 0.1617

3. 0.2435

4, 0.6730



2-53.  Find the area under a curve from z equals
-0.9 to z equals 1.7.
1.0.139%5
2. 0.4557
3. 0.5334
4.0.7713

2-54.  What is the area between x equals 82 and
x equals 91 if the mean is 85 and the
deviation is 4? (Assume a normal
distribution.)

1. 0.7066
2.0.7211
3.0.7632
4. 0.7845

2-55.  If a set of grades has a mean of 78 and a
standard deviation of 5, what is the
probability that a grade selected at
random will be higher than 86? (Assume a
normal distribution.)

1.0.2124
2.0.1020
3.0.0862
4. 0.0548

Learning Objective:

Identify requirements for and solve problems using
the Poisson formula of probability and the
distribution table.

2-56. Which of the following is not a requirement
for Poisson's formula of probability?

1. The average or mean must remain constant

2. The number of possible occurrences in
any unit is large.

3. The particular occurrences in one unit
do not influence the particular
occurrences in another unit.

4. The probability of a particular
occurrence is large.

2-57. A hoiler has been breaking down on the
avera?e of three times per month. By the
use of Poisson's %robablllty formula, what
is the probability that the boiler will
break down only one time in a given month?
1.0.134
2.0.152
3. 0.169
4.0.184

® Refer to table 4-2 in your textbook in
answering items 2-53 and 2-59

2-58. If sailors randomly enter the mess hall on
the average of 1.2 every 10 seconds, what
is the probability of four sailors
entering the mess hall in a selected
10-second period?

1.0.022
2.0.026
3. 0.089
4.0.126
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2-59. A certain type altimeter averages 0.80
failures per week. What is the probability
that more than 2 altimeters will be broken
in a given week?

1.0.047
2.0.078
3.0.110
4. 0.129

Learning Objective:

Identify and use normal to binominal approximation
in solving probability problems.

2-60.  Which of the following equations may use
the normal to approximate the binomial?

2-61.  Which of the following is not a step in
using the normal to approximate the
binomial?

Lonp=p

2. pg= o
3. Use the normal table
4. To find more successes, add 0.5 to x

. Refer to table 4-1 in your textbook in
answering items 2-62 through 2-64.

2-62. If the probability of a defective item is
0.10 and a sample of 400 items is taken
from a large population, what is the
probability of 28 or less defective items?
1. 0.0274
2.0.1250
3.0.2020
4. 0.4545

2-63. If the probability of a defective item is
0.1 and a sample of 900 out of a large
population is used, what is the probability
of exactly 102 defective items?
1. 0.0090
2.0.0180
3.0.0142
4.0.0211

2-64. If the probability of a success in one try

i foL_ what is the probability of at least
17 successes in 48 tries?

1. 0.3333

2. 0.1542

3.0.0932

4, 0.0668



2-65.

2-66.

2-67.

Refer to table 4-3 in your text.
data which is normally distributed has a
mean of 82 and standard deviation of 5.

Find the range of the data that will
cover an area of 0.807.

1. 86.5 and 77.5

2. 87.5 and 76.5

3. 88.5 and 75.5

4. 89.5 and 74.5

If the raw scores on an examination are
83, 88, 85, 90, and 94, the standard
score of the raw score 90 equals

1. 0.34

2. 0.46

3. 0.61

4 1.12

Change a standard score of 2.8 to a

corrected standard score with a mean of
100 and a standard deviation of 10.

1. 112
2, 128
3. 142
4. 156

A set of
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Learning Objective:
Solve problems involving random sampling.
2-68.

deviation equals 5.

1. +.04
2. +.21
3. +.45
4., +.89

2-69. For a given confidence level, if the mean
and standard deviation of a sample remain
the same as the size of the sample greatly
increases, the size of the confidence
interval (range about the mean) will
1. 1increase
2, decrease
3. remain the same

2-70. A random sample of 144 students had a

mean grade of 79 and a standard deviation
What range about
the mean will give an 8 percent confidence

of 4 on a standard test.

level?

1. 79.43 and 78.57
2. 79.58 and 78.42
3. 79.67 and 78.33
4. 79.73 and 78.27

From a sample size of 121, solve for the
standard error of the mean if the standard



Assignment 3

Number Systems

Textbook Assignment: Chapter 5

[dentify structure and characteristics of number
systems having varitous bases.

. In items 3-1 through 3-58, numbers without
a subscript indicating a particular base are
written in the decimal system (base ten) unless
otherwise indicated.

3-1. What is the radix in a senary system?
1. 6
2. 7
3. 9
4, 16
3-2. The expression 3(10)3 + 0(10)¢ + 1(10)! +
l(l())O is a representation by positional
values of
1. 3010
2. 3011
3, 27010
4. 30010
3-3. The polynomial form of 543 is
1. 500 + 43
2. 54+ 4+ 3
3. 5 x 3+ b x2)+ 3x1)
4. 5(10)7 + 41001 + 3(10)0
3~4 What 1is the largest probable system formed

by using only the digits 0, 1, and 2?7 (The
greatest digit in the number system with
base n is n-1)

1. Binary

Ternary

Quaternary

2.
3.
4. Quinary

65 64 63 62 61 60

Figure 3A.--Number System
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. When answering items 3-5 and 3-6 refer to

figure 3A and consider characteristics of the
number system represented.

3-5. What is the radix of the number system?
1. 6
2. 4
3. 3
4, 2
3-6. What is the value of the digit 47
1. 4
2. (45?2
3. 4 x 6¢
4. 6 x 4°
3-7. The expression, a(7)2 + a(7)1 + a(7)0, is
a representation by place values of
1. 2104
2. 2104
3. 7774
4, aaay
3-8. Which of the following is a characteristic
of a vicenary system (base 20)?
1. The radix is two.
2, The number 20 is a digit of the system.
3. The number 12 is not a digit of the
system.
4, Ten more symbols are needed than are
used in the decimal system.
3-9. The number B3BD16 means
1. B(16)3 + B(16)% + 3(16)! + D(16)?
2. B(16)3 + 3(16)2 + B(16)! + D(16)°
3. B(16)Y + 3(16)3 + B(16)2 + D(16)}
4, B(16)3 + B(16)2 + D(16) " + 3(16)
Learning Objective:

Perform addition and subtraction in various
number systems.

When answering items 3-10 through 3-20,
perform the indicated operation.

3-10. 411g + 4345 =

1. 8005
2. 845¢
3. 14004
4. 23104



3-11. 3105 + 4225 + 121, + 242, = 3-18. 75214 - 3546g =

5 5
1. 10955 1. 37854
2. 12005 2. 3783
3. 21504
4. 2200g 3. 3775g
3-12. 1110, + 1011, = 4. 3753g

1. 1111, 3-19. t91e12 - 8e2112 =
2. 100014 1. 189t5,
3. 11001, 2. 1Bety,
4. 11111
2 3. 199tq,
3-13. 741g + 642g = 4. 19etq,
1. 1383g 3-20. CAFE, - BEAD, . =
2. 1403g
3. 1583g 1. 0C4l,¢
4. 1603g 2. 0C51,,
3. 1241
3-14. 386t , + etht,, = 16
12 12
4. 1251
16
1. 116e837
2. 136e81; Learming Objective:
3. 117101 Recognize characteristics of complements and
4. 136107, use complements in solving problems.
3-15. In base 16; if A = 10, B = 11, C = 12, 3-21. If a = the number, b = the complement,
D=13, E =14 and F = 15, then and ¢ = the reference power, which equa-
CDF16 + BCAiqg = tion describes subtraction by complements?
1. 1749 1. a+b=c¢c
) 16 2. a-b=c
2. 1809;¢ 3, a+c=b
3. 18A971¢ 4, b+ c=a
4. 235316 3-22. Which statement is true concerning
3-16. 2321 - 413_ = subtraction by complements?
5 5 1. The true remalnder of the apparent
1. 14035 remainder 0562 is -562.
2. 1408 2. The true remainder of the apparent
’ 5 remainder 0743 is -257.
3. 19035 3. The true remainder of the apparent
4, 1908 remainder 1432 is -432.
5 4, The true remainder of the apparent

3-17. 11010, - 101, = remainder 1652 is +348.
* 2 2

3-23. In the binary system, what is the twos

1. 10101, complement of zero?
2, 101112 1. O
3. 11001, 2. 1
3. 10,
4, 11111
2 4. 112

17



3-24. What is the twos complement of 10101,?
1.

3-25. Subtract 1010, from 10002 using couwplements

‘Learning Objective:

Perform multiplication and division in various

2.
3.
4.

1.
2.
3.
4.

01010,
01011,
01100,
11011,

-0010,
-0011,
-0110,
-0111,

number systems.

.When answering items 3-26 through 3-35,
perform the indicated operation.

3-26. 32g x 2425 =

3-27.

3-28.

3-29.

3-30.

1110, x 101, =

. 201113

5

1
2. 2332434
3.

4. 2382235

2364435

100110,

1
2. 1000110,
3.

4. 1010110,

1001110,

542  x 42

1.
2.

w

4.

e612 X teyy =

BAD1g x AD1g =
1.

2
3.
4

1
2
3.
4. e45612

g * "8
22764
2534hg

27404g
29424 ¢

. t45612

t56612
€366,

7936916
7C8D91¢

7E3E9
16
7E4297¢
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3-31.

3-32.

3-33.

3-34.

3-35.

42135 + 35 =

1. 11124
2. 12114
3. 12214
4. 1222¢

20468 + 1lg =
1. 1628

2. 1664

3. 186g
4. 1898

10000102 + 1102 =
1. 1111,
2, 11102
3. 1010,

4. 1011,
7tee712 + 512 =

164524,
16t34,,
16e741,
l6eeeq,

W
.« = & »

BEE; ¢ + 61
1. 1FDyq

2. 1C8,¢
3. 1A91¢
4. 19216

Learning Objective:

Given various number systems, convert to other
spect fied number systems.

3-36.

3-37.

Convert ACE16 to the decimal system by use
of the polynomial form.

1. 24,322

2. 8,944

3. 4,288

4, 2,766

Convert 742217 to the decimal system by
snythetic substitution.

1. 13,194

2. 12,892

3. 12,698

4. 10,488



3-38.

3-39.

3-40.

When converting ABCig to the decimal system

by use of repeated division where the
remainders indicate the decimal equivalent,
the dividends are divided by

A

ABC

10

. 16

S~

Convert 645612 to the decimal system by use

of repeated division where the remainders
indicate the decimal equivalent. The
second quotient equals

1. 72

2. 84

3. 88

4. 92

What is the order of remainders (resulting
from repeated division) which represent
645619 1in the decimal system?

1011
11010
11101
11110

W o
« s e e

. Convert the decimal to the given non-decimal
in items 3-41 through 3-45.

3-41.

3-42.

3-43.

344,

Convert 415 to base five.
1. 270S

2. 24505

3. 31305
4. 3490g

Convert 1212 to base eight.
1. 22474

2. 22
748

3. 2427g
4. 2472

Convert 12468 to base 12,
1. 720712
2. 727012
3. 770212

4. 7720,

Convert 24862 to base 16.
1. 6llE16

2. 61Ely,
3. 6E11¢
4. E11634
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3-47.

3-48.

3-50.

3-51.

3-52.

. Convert 4528

Convert 69 to base 2.
1. 1000101,

2. 1000110,
3. 1001001,
4. 1001100,

. Convert 642y, to the base eight by going

through base ten.
1. 1226g

2. 12628

3. 1622g

4. 2621g

Convert 23425 to the base twelve without
going through base ten.

1. 2lejpy
2. 24eq,

3. 2e479

4. eb219

Convert 2345 to base two without going
through base ten.

1. 10000112

2. 1000101,

3. 1000110,

4. 10010017

to base twelve by the
explosion method.

1. 3t0y,
2. 2t0,,

3. 20ty,
4. 22219

Convert CA2ig to base five by the explo-

sion method.
1. 1004414

2. 1004404
3. 100414g
4. 1004045

Separate 11011012 into groups for convert-
ing to base eight.

1. 110 110 100

2. 110 110 001

3. 110 001 101

4, 001 101 1G°

Convert 110001111, to base sixteen.

2

1. 18Fgq

2. 18916

3. 1494¢

4. 11444



3-53.

3-54.

3-55.

Convert 4718 to base two.
1. 1000111012
lUUlJ.UJ.UJ.Z
100111001,
100111011,

S owoN

Convert 84 to the Binary Coded Decimal
(BCD).

1. 1100

2. 10000100

3. 10000101

4. 10010100

Convert the Binary Coded Decimal
011101000010 to a decimal.

1. 343

2, 742

3. 743
4. 752
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3-56.

3-57.

3-58.

A disadvantage of the BCD is that
code does not provide a "decimal”
carry.

Add 18 and 43 in the excess three
1. 0100 0100
1000 0010

1001 0100
. 1100 0010

[a%)
-

SoWw

Find the nines complement of 3 in
excess three code.

1. 0111
1000

2
3. 1001
4, 1010

the

code.

the



Assignment 4

Sets and Subsets; Boolean Algebra

Textbook Assignment:

Chapters 6 and 7

Learning Objective:

Recognize terms and symbols concerning sets and
subsets and the symbolic use of Venn diagrams.

4-1.

4-4,

4-5.

Which notation is an example of a set
builder notation?

1. a, B, C,

2. {r, s, t, u, n, w}

3. {ny is divisible by 5}

4. "The set of numbers between two and ten"

If set B = {-3, 0, 3, 6, +}, which of
the following is true concerning the
elements of B?

1. 3¢B
2. 4eB
3. 9¢B
4. 8eB

Which statement correctly matches finite
or infinite with the given set?

1, If set R = {5, 10, 15, 20, -}, then
set R is finite.

2. If set M = {x]x {s a plant on earth},
then set M is finite.

3. If set D = {x|x is an even integer},
then set D is finite.

4. 1f set B = {the days in a year}, then
set B is infinite.

Which of the following two sets are equal?

1. A= {a, b, ¢}, B= {b, ¢, d}

2. A= {4, 8, 6, 6}, B= {4, 8, 6}

3. A= {5, 4, 6, 3}, B= {5, 3, 7, 4}

4, A= {x[x2 - 5x = -4}, B = {2, 3}

The set B = {x|x? = 16, x is evenl} is an
example of a null set.

If set A = {4, 6, 8, 10, 12}, which of the
following values of B is a subset of A?

1. B = {8}

2. B= {7, 9}

3. B= {6, 7, 8}

4. B = {10, 12, 14}
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4-8.

4-9,

4-10.

4-11.

Which of the following pailr of sets is

comparable?

1. A= {7, 8, 9}, B = {6, 7, 8}
2. A= {3, 5, 7}, B = {5, 6}

3. A= {4, 5, 6}, B = {5}

4, A= {6, 9}, B = {8, 7}

Which of the following represents a
universal set?

1. The natural numbers

2. The Greek alphabet

3. The animals of the earth

4, All of the above

If set A= {1, 2, 3, 4, 5}, how many
subsets does A contain?

1. 32

2, 16

3. 8

4, 5

Which of the following pairs of sets are
disjoint?

1. A= {a, b, ¢}, B = {r, s, t}

2. A= {b, e, g}, B= {4, e, f}

3. A= {3, 4, 5}, B = {5, 6, 7}

4. A= {3, 6, 9}, B = {4, 6, 8}

Which Venn-Euler diagram represents D(CE?

U U




Learning Objective: 4=20. Which of the following is an example of
the distributive law of sets?

Perform the operations of wiion, intersection, 1. XUENZ) = (XUY)N (XUZ)
difference, and complement on sets. 2. (XAY)NZ = XN(YNZ)
3. XMY) = XUY
4-12. If set A = {2, 4, 5, 6, 8} and set B = 4. XUY = YUX
{3, 6, 9}, what is AUB?
1. {3, 6, 9} 4-21. The expression (XUY)UZ = XU (YU Z) is an
2. {2, 4, 5, 8} example of which law of sets?
3. {2, 3,5, 6, 8, 9} 1. Idempotent law
4, {2, 3, 4, 5, 6, 8, 9} Commutative law

2.
3. Associative law
4-13. If set A = {1, 3, 5, 6, 7}, and set B = 4. Distributive law

{3, 4, 5, 6}, what is ANB?

1. {1, 3, 4, 5, 6, 7} 4-22. LUK = KUL obeys the commutative law.
2. {3, 5, 6}
3. {1, 4, 7} ‘ In items 4-23 through 4-26 select the
4. {1, 7} example that represents the given law of sets.
4-14., If set A = {2, 3, 4, 5} and set B = 4-23. Identity law.
{3, 5, 7}, what is B - A? 1. MUM =M
1. {7} 2. MNg =@
2. {2, 4} 3. MANM = @
3. {2, 7} 4. MUM=1U
4. {3, 5}
. 4-24 . Complement law.
Use the following information for items 4-15 1. PUP = U
through 4-18. A = {2, 4, 6}, B = {4, 5, 6}, 2. PNP =P
c= {3, 5, 7}, and the universe U = {1, 2, 3, 4, 3. PAU = P
5, 6, 7, 8}. 4. PNQ = &

4-15. The set C equals 4-25. DeMorgan's law

1. {3, 5, 7} Tl Luu=u

2. {1, 2, 3, 6, 8 2. LUK = KUL

3. {1, 2, 4, 6, 8} oo

4. {1, 3, 5, 7, 8} 3. LAK = LUK
4.

(LNK)NN = LN (KNN)

4-16. The set (AUB) equals

1. {1, 2, 7, 8} 4-26. If (ANB)YN (BUC) = ANB, then by the

2. {1, 3, 7, 8} principle of duality which equation is a

3. {2, 4, 5, 6} valid theorem?

4. {3, 4, 5, 6} 1. (ANBYU (BUC) = BUC

2. (AUB)U (BNC) = AUB

4~17. The set (AflB) equals 3. (ANCYU (AUB) = AUB

1. {4, 6} 4. (AUB)U (BUC) = AUB

2. {1, 3, 7, 8}

3. {2, 4, 5, 6} Learming Objective:

4, {1, 2, 3, 5, 7, 8}

Identify classes and elements of Boolean algebra

4-18. The set (A - C) equals and their relationships to Vemn diagrams.

i. {1, 8}

2. {2, 4, 6} 4-27. Classes in binary Boolean algebra are

3. {1, 2, 4, 6, 8} formed only by elements having

4, {1, 3, 5, 7, 8} 1. no stable states

2. one stable state
3. two stable states
Learming Objective: 4. two unstable states

Identify algebraic laws regarding sets.

4-19. BYUB and BNU obey the idempotent law of
sets.
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[E) IF]
Figure 4A.--Venn diagram

@ items 428 through 4-34 refer to figure 4A.

4-28. The class "not A or not B" is represented
by the shaded area in diagram

(A)

©)

(E)

(F)

4-29. In what diagrams does the shaded area
represent a minter-m class?
1. (A) and (E)

(B) and (E)

(A), (B). (E)

(B), (C), (D), and (F)

1
2.
3.
4.

2,
3.
4.

4-30. What class is represented by the unshaded
area in diagram (F)?
1. Aand not B
2. B and not A
3.AornotB
4.B or not A
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4-31. In what diagrams does the shaded area
represent a maxterm class?
1. (A) and (C)
2.(0), (D), (E)
3.(B), (C), (D), and (F)
4.(A), (C), (D), and (F)

~

4-32. Let A represent cruisers and B represent
flagships. If the shaded area of diagram
(A) represents all ships that are neither
cruisers nor flagships, the universal
class with respect to this diagram con-
sists of all
1. ships
2. cruisers and flagships
3. ships and objects that are not ships
4. ships that are neither cruisers nor

flagships

4-33. What class (written in Boolean algebra
notation) is represented by the shaded
area in diagram (D)?
1. AB
2.A+B_
3.A+B
4. B+A

4-34. Classes represented by the shaded areas of
which of the two diagrams are complements
of each other?

1. (A) and (B)
2. (B)and (E)

3.(C) and (D)

4. (D) and (F)

Learning Objective:

Identify logic operations in relation to Venn
and logic diagrams, truth tables, and switching
circuits.

4-35. 1f A=1and B = 0, what is the value of



A——— 4-39, Venn diagram (E).
B8 B 1. (©)
2. (1)
G) (H) 3. (K)
4. (L)

. Items 4-40 through 4-45 refer to figure 4B.

4-40. What is the Boolean algebra notation for

:
5

(J) symbol (H)?
A — 1. AB
] é— 2. A+ 3B
B | 3. AF B
4, AB + AB

() (L)

4-41. What is the Boolean algebra notation for

.A___ A | symbol (J)?

B B 1. AB

D R 2. A+ B

(m) (N) 3.AF B

Figure 4B.--Logic Symbols. 4, AB + B

‘ (Note: Notice that some of the logic 4-42. What symbol represents f(A,B) = AB?

symbols in your textbook differ but are equal.) 1. (N
For example, the logic symbol 2. (K)
3. (M)
4. (N)

e
t

)

(%)

. The output of (N) is zero when the inputs

A A
are

and the logic symbol 1.

A @ = 2.
A—- 3.
4,

§_,®__J"
4-44, What symbol represents a circuit that has

i
n
e R=Ne)]
W W ww
—OorFo

v . e o

zero output only when the inpu e
. In items.4—36 through 4'39’ §e1ect a logic Z= ;‘ B =p0? (Th;’s means :h;rtlptl:z,r:ris an
symbol from figure QB Fhat is equ1v§lent t? the output when A = 0, B = 1; A=1, B = 1;
shaded area of the indicated Venn diagram in and A =0, B = 0.)
Figure 4A . 1. (H)
2. (D)

4-36. Venn diagram (C). 3. (M)

L. (H) b (N)

2. (D

3. (L) 4-45. The truth tables of what two symbols are

4. () identical?

1. (H) and (L)

4-37. Venn diagram (D). 2. (J) and (N)

Lo 3. (K) and (L)

g E;; 4, (M) and (N)

4o (W)
4-38. Venn diagram (A).

1. (W)

2. (K)

3. (M)

4. (N
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Learning Objective:

Determine the outputs of logie diagrams and the
least number of gates required for a givem out-
put.

. In items 4-46 through 4-48, find the output
of the indicated logic diagrams.

4-46. A

B

——

¢

A+ pg+C
A + BC
AB + C
ABC

BN
P

4=-47,

°

D |

1. (A + B) (CD)

2. (A+ B) + CD

3. A+ B) + (C+ D)
4, E+B) + (C+ D)

c—_

(ABC) (DE)
ABC + DE

. ABT + DE
. ABC + (D + E)

&SoWw N
PR

‘ In items 4-49 and 4-50, determine how many
gates are needed to construct the simplest
possible logic diagram for the Boolean expres-
sion given.

4-49. (A+B)CD
1. 4
2.3
3. 2
4.1
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4-50, (A + B)C + DE.

A+
1. 3 .
2. 4
3.5
4, 6

Learning Objective:

Identify basic laws which represent given
Boolean eapressions.

4-51. A series circult consists of a battery,
B; two switches, X and Y; and a lamp L.
The components are connected in the order,
B, X, Y, L, and the lamp lights when both
switches are closed. The fact that the
operation of the circuit 1s unchanged when
the order of the components 1s changed to
B, ¥, X, L, demonstrates what basic law
of Boolean algebra?

Associative

. Idempotent

Comp lementary

Commutative

Sweo

. In items 4-52 through 4-56, select the
law of Boolean algebra that represents the
given expression.

4-52. C+ 1 = 1.

1. Law of union

2. Law of identity

3. Law of dualization

4, Law of intersection
4-53, LM + TM = 1.

1. Commutative law

2. Complementary law

3. Law of identity

4, Law of double negation
4-54, D+ DF = D,

1. Law of union

2, Commutative law

3. Law of absorption

4. Law of intersection
4-55., 2 + Z = 2,

1. Idempotent law

2. Law of union

3. Law of absorption

4., Law of intersection
4-56, (L+P) (L+ D) =L + PD.

Associative law
Commutative law
Comp lementary law
Distributive law

WO s
4 s e



Assignment 5

Boolean Simplification; Matrices and Determinants

Textbook Assignment: Chapters 8 and 9

&
g

SN W N

Learning Objective: 5-4.

Determine the order of expressions and identify
and use laws of Boolean algebra in simplifying
expressions.

2w NN

5-1. What is the order of the expression
A(B + C) + B?

v
1
w
&

|
[
o

1. lst 1. 2 and 4
2. 2nd 2. 4 and 5
3. 3rd 3. 4 and 6
4. 4th 4. 5 and 6
5-2. Which expression is of the fifth order? 5-6. A+ (B + B)A = A (Use the complementary
1. [(pr + qt)s]v law first.)
2. [s(p+ D+ qlr+ t 1. 1, 2, 4, and 5
3. [p(rt + s8) + qlv+w 2. 1, 4, 5, and 6
4, (pr + st + pg + w)w + rs + vq 3. 2, 3, 4, and 5
. In items 5-3 through 5-8, the right-hand 4.3, 4, 5, and 6
mgmbe? of the given identity represents a simpli- 5_7. AB 4+ AB = A
fication of the left-hand member by use of some of 1. 2. 3 and 5
the basic laws listed below. Select the number(s) o
. . s 2. 2, 4, and 6
of the laws that directly apply to the simplifica- 3. 3.5, and 7
tion. Note that the groups of numbers are listed 4. 4’ 5’ 47
. . . . 4, 5, an
numerically and not necessarily in the order that
they are applied. 5-8. A+ AB = A (Do not solve by means of
1. Commutative Law distributive law, the law of intersection,
AB = BA A+ B =B+ A or the law of union.)
2. Idempotent Law 1. 3
AA = A A+ A=A 2. 4
3, Law of Double Negation 3. 8
%= A 4. 9
4, Complementary Law
AE =0 A+E=1 . In items 5-9 and 5-10, simplify the expres-
s. Law of Intersection sions given using DeMorgan's Theorem.
Al = A A-0=0 ——
6. Law of Union 5-9. (AB + B + A) (CC)
A+ 1=1 A+ 0=A 1. AB
7. Distributive Law 2. ABC
A(B + C) = AB + AC 3, ABC
A+ BC=(A+ B) (A+C) 4, AB + C
8. Law of Absorption
A(A+ B) = A A+ AB = A 5-10. (A+ B+ C) (A+B+ T (A+B)
9, Associative Law 1. iB
A(BC) = (AB)C 2. ABC
A+ (B+C)=(A+B)+C t =T —
10. Law of Identity 3. AB + AB
A=A X-% 4. A+ B+ C
5-3. (BA) (AB) = AB
1. 1, 2, and 3
2.1, 3, and 4
3. 2, 3, and 4
4, 3 and 4
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. In items 5-11 through 5-17, simplify the
given expression using the fundamental Boolean
laws.

5-11, AB + AC + ABC.
1. ABC
2. A+ BC
3. A(B + C)
4., A(A+ B + C)

&
® ¥ O
+
-

> > >+
+ 4+ + +

5-13.

s
cqmtqtn;

(A+B)@A+B).

Fepoe
gln—-o

b3
+
o

5-15.

FedbrEg
+
-

> > O

+ B

5-16.

kg
;-ﬂ-

BDA+BE+COE+0).

W N N
PR

5-17.

(9]
+
>
(@]
+
o]
o
+
o]
o

. AC + BD
. AC + BD

S w =l
-l
=]
+
a
(=]

Learning Objective:

Convert a given expression to minterm form, and
correlate Veitch diagrams with Boolean expres-
sions.

5-18. Convert ABC + B(D + E) to minterm form.
1. ABC + BD + BE

2. ABC + BD + BE
3. A+ BC + BD + BE
4, A + BC + B(D + E)
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5-19. How many squares are needed in a Veitch

1. 8
2. 36
3. 48
4, 64
A x A
e A A A — e
B X X I X B X X X
) X X By X X
P —— ———————
T C T T o T
(a) (B)
A A A A
e P st set—
B X | x X | x B X X
B X B| X X
e
T C T T C T
©) (D)

diagram for six variables?

Figure 5A.--Veitch diagrams for
three variables.

‘ Items 5-20 and 5-21 refer to figure 5A.

5-20. £(A,B,C) = ABC + ABT + ABC + ABC + ABC

5-21.

is represented by which diagram?

1. (4)
2. (B)
3. (©)
4. (D)

Which function is represented by diagram

c)?
LB+§
2. B + BC
3. AC+ B
4, BA+ T



5-22. Which Boolean expression describes the 5-23. Diagram (A).

Veitch diagram below with the least terms 1. ABC+ D
possible? 2. ABC + BD
A A 3. AiiCD + BD + BD
p ~ 4. ACTD + ACD + ABD
B X 5-24, Diagram (B).
1. AC + BCD + CD
B X X X 2. ACD + AD + BCD
i 3. ABCD + ACD
¢ ¢ ¢ 4, ACD + ACD
1. ?? + ACB + ABC 5-25. Diagram (C).
2. BT + AC 1. AC+ B+ D
3. BC + aAB 2. ABD + BD + ABC
4. AC+ B 3. AC + ABD + ABD + BC
4. ACD + ABCD + ABD + ABCD
A A A A 5-26. Diagram (D).
et 1. A+ B
) X x| x| D 2. AC + BD
B % x B 3, AB + BD + DC
D XX D 4. ABD + Ac + AB
X X X _ X . . .
3 ; 3 B 3 Learning Objective:
D D
| X I Recognize the laws of matrix algebra and perform
T P T el ~ el indi?ated operations of matrix algebra on given
C matrices.
(A) (B) 5-27. What is the matrix for the linear
equations
4x - 2y =5
x+3y=1 7
A Y A 2 1. [4 5 2]
1 3 1
e " —— P ———
X D x| x| x D 2. [A 2 5]
B B 1 3 1
X X X
D D 3. {4 -2 5]
X x| x X| X 1 31
B - B )
X X D X X 4. [1 1 2]
4 5 3
— T — _
¢ C ¢ C c 5-28, What are the dimensions of the matrix
A=1[2 ¢ 2 1]
(9] (D) 31 2 4 ?
Figure 5B.--Veitch diagrams. Lo A4x2
. In items 5-23 through 5-26, select the 2. A3x3
simplified Boolean expression representing the 3. A
indicated diagram in figure 5B. - 83x2
4. Boxs
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- 2
5-29. Which pair of matrices is equal? 5~33. Subtract B from A if A = [16 1J and

. -
X 4 1 4 Y
equal matrices. = y
2y 2 1 L

2 1
5~35. Multiply the matrix 2 2 5:] by the

&S

§ 1 -4 -6 12
1 =2 4 =S =
1. A= B= [T B [1 1J
0 4 -4
Ty E [
— A 1 0
_ 1 -2 _ ’-0 4
2. A=, 4] B= 1 _2] 2. [3 0
- - -1 0
3 i 4] 30
1 =2 1 -2 3.
3. A= ’- B = 2 1 2
0 0 4
- 4 ~ i 4, 5 4
- . 0 2
1 -] by
4, A = B = 2 =2
~34, h
_0 (L | 4 O_J 5~34, Solve for the variable matrix in
w X 2 1 _ 5 -
y =z -3 4 2 -
5-30. What are the dimensions of the transpose
2 4 3 2 w x|_[ 7 0
of the matrix [2 1 2 1:' ? 1. [y z}_ l>‘l 2]
1odx 3 2. [w x|_T-3 2
2, 4 x 2 . = e
3. 3x 2 R4
4., 2 x &4 3. [w x]: [3 _2“‘
5-31. Find the unknown elements in the following y Z > =6
x{. |3
z -1

Loy

»

scalar quantity of 4.

£ W N
XX oMK
onowon
P -
e .

PO BN

“ <<

LA I
5 116 8 20
5-32. Add the matrices A and B 1f A = |3 =
201 , [12 8 4
and B = 12 : 4 2 5
3 4 L
6 4 2
3.
. [3 5 8 4 1cJ
(4 6 -
4. 13 2 1
2. |3 5] 16 8 20
5 5 £
r ' Multiply the given matrices in items 5-36
3. |4 4 and 5-37.
5 5 _
- s.36. [2 3] . [4 s
4. [3 1 2 2] [3 2] 4 3
2 1 o -
2 3 4 L [8 20
"l 12
2. [ 8 15]
112 6]
3. [12 10
8 9
4. [20 19]
|20 21
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3 5-44, The inverse of the determinant &(A) of A

5-37. [5 4 2] -+ |4} = is equal to
1
1, -1/10
1. [24] 2. 1/9
2. [27] 3. 9
3. [31] 4, 10
4. [33]

5-45, The intermediate form of the inverse

5-38. Matrix multiplication obeys the . -1
matrix |\A is

commutative law.

-1 2 -1
5-39. Matrix multiplication obeys the 10 3 -
associative law. 1 3 3
S
Leaming Objective: i g 3
Solve for determinants and inverses of matrices. 309 |-3 ﬁ
5-40. Evaluate the determinant of the matrix 4. 10 3 3
4 2 Lo 9
3 3
1. 18 -1
2., 6 5-46. The final form of the inverse matrix (; )
3. -1 is _
4. -6 1.{L 1
5-41. Solve for the determinant of the matrix 3 3
= 0 1
4 3 2 =
3 2 1 2 2 1
1 2 -2 ‘s 9
1. 5 -1 1
2, 4 3 3
3. 1 -
4. -1 3. i 1
5 10
5-42. The product of a matrix Aj,s and its -3 3
. . -1 , -z 2
inverse matrix A2x2 is 10 10,
1. [1 1] -
1 1 4. 12 -1
3 5
2 |:0 1J =
1 O_ 5-47. Solve for the inverse of the matrix
3. (1 O
0 0 4
4. 11 0 2 3
0 1

. Before answering items 5-43 through 5-46,
-1

—

calculate the inverse matrix (A of the matrix

2
1
A= [? '; by the method given in your textbook.

1. E
3
2, 3 - )
5-43, Which matrix results when the necessary -2 2

interchange of numbers and change of signs
is performed in calculating the inverse
matrix (A_l of A? 3.

R

0]
L
i

sl T Ul
IN

_3] 4.
] Lo
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. In answering items 5~48 and 5-49 refer to
the determinant

2 4 1
3 -1 2
4 4 4

5-48. What is the expression for the inter-
mediate step in the expansion of the
determinant by minors about row one?

-1 2 4 1 4 1

. - +
! 2|4 z.l 3'4 4, I 2|
2. 2|-1 2| _4|3 2|+1 3 -|
4 4 4 4 4 4
Iz 4 ,2 1 4 1l
3. 0413 -l 413 2|+4|-1 2
3 -1 2 4 2 4
4. 1[4 4| ‘2|4 MEE I -1|

5-49. The result of the expansion by minors
about row one of the determinant is
1. - 4
2, =20
3. =24
4. -38
Learning Objective:
Identify properties used to simplify determi-

nants, and solve systems of equations using
determinants.

. Kefer to the properties described on
pages 173 and 174, «f ycur textbook in answexing
items 5-50 and 5-51.

5-50. Which property is represented by the
3 0 3
4 2 4
0 1 O
Property (1)
Property (2)
Property (3)
Property (4)

determinant ?

S W N
. e e
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5-51.

Which property is represented by
1 4 2 1
determinants 2 3 2 and |4
1 2 1 2

1. Property (2)
2. Property (3)
3. Property (5)
4. Property (6)

‘ In items 5-52 through 5-54 solve the
systems of linear equations by the use of
determinants.

5-53.

5-54.

x+y=7
2x - 5y = -1
l.y=2 x=1
2, y=1 x = 2
3. y=-2 x=3
4, y=-1 x=2
3+ 2y - z=4
2x - y+ 32 =5
x+ 3y +2z=-1
1. x=3,y=-2, 2 1
2, x=2,y=-1,z=20
3. x=1,y=1,z =2
4, x ==1, y=1,2z=1
x+y+4z=1
2x-y+z=2
3x - 2y + 3z =5
1
l.x=1,y=1,2=-7
1 1
2. x = 3y =3 2= 2
=L ;=23 ,=7
3. x = Y= z =7
AP S R
X< g ¥ "2 27 18







